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ABSTRACT

The research field of non linear dynamics developed within last three
decades. The deterministic nature of systems is termed as chaos. The sys-
tems which shows unpredictability of their future are called non integrable

systems.

This is study on the Hamiltonian chaos and non integrable systems taking
the case of spinning tops. The integrability of the top and ways to make it
non-integrable is studied. The chaotic property of the system is studied using

phase space plots, Lyapunov exponents and power spectrum.
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Chapter 1

Scope and Objective

Chaos is everywhere, from nature’s most intimate considerations to art of
any kind. The study of nonlinear dynamics or chaos theory has emerged in
the last three decades or so as an important interdisciplinary area of research
encompassing a wide range of fields like: fluids, bio-medical sciences, finance,
turbulence, astronomy, material sciences, etc.

The study of rigid bodies is an inevitable part in physics. Most of the plan-
etary system can be approximated to rigid bodies. One of such rigid body
is spinning top. In this work I studied the dynamics of spinning top and its

behavior when it is made non-integrable.

Objectives of my study are:

e To study the basics of Chaotic theory and dynamics of non integrable

system using Hamiltonian formalism.

e To study numerically and analytically on a integrable system: La-

grange’s top

e To study the non-integrability of tops numerically.



Chapter 2

Introduction

The world around us seems to be irregular and random. Chaos is the com-
plicated temporal behaviour of simple systems. Chaos is a type of temporal
evolution or dynamics. The study of dynamical system began in mid 1600s
with Sir Isaac Newton. He discovered the laws of motion an gravitational
laws and combined them to explain Kepler’s planetary laws. In short New-
ton solved two body problem and those who preceded him tried to extend

Newton’s analytical methods to solve three body problem.

This problem was solved by Poincare in 1800s. He introduced a new point
of view that emphasized qualitative rather than quantitative questions. For
example, instead of asking for the exact positions of the planets at all times,
he asked “Is the solar system stable forever, or will some planets eventually
fly off to infinity?” (Strogatz, [2001)). He was the first person to introduce the
concept of chaos where in which a deterministic system exhibits aperiodic be-
havior that depends sensitively on the initial conditions, thereby rendering
long-term prediction impossible. At the turn of the 20th century, Aleksandr

Lyapunov worked on stability theory emphasizing quantitative evaluation of



the divergence rate between solutions with different initial conditions. From
the postwar period to the 1960s Andrei N. Kolmogorov and his students
worked on the stability of Hamiltonian systems and developed the KAM

theorem.

In 1954 Kolmogorov showed that a quasi-periodic regular motion can per-
sist in an integrable system even when a slight perturbation is introduce to
the system. This is known as the KAM (Kolmogorov- Arnold-Moser) theo-
rem which indicates the limits to integrability(?). The theory also describes
a progressive transition towards chaos. For an integrable system all trajecto-
ries are periodic or quasi-periodic. If a significant perturbation is introduced
the probability of a quasi-periodic behaviour decreases and the trajectories

become chaotic.

Edward Lorenz is the official discoverer of chaos theory. He first observed
the phenomenon as early as 1961 and he discovered by chance what would
be called later the chaos theory, in 1963, while making calculations with
uncontrolled approximations aiming at predicting the weather (7). Lorenz
developed the pictorial representation of his analysis and this figure is called
Lorenz attractor. The strange attractor is a representation of a chaotic sys-
tem in a specific phase space. More development to the subject came with the
introduction of period doubling and logistic mapping. Mitchell Jay Feigen-
baum proposed the scenario called period doubling to describe the transition
between a regular dynamics and chaos. His proposal was based on the logis-

tic map introduced by the biologist Robert M. May in 1976.

While the development of chaos theory went on there was work going on



to quantize the non integrable systems. Einstein’s paper on quantization of
mechanical system brought into light the limitations of quantum theory when
applied to a mechanical system which is non integrable or chaotic system.
It was Martin Gutzwiller who solved this limitation and founded quantum

chaos.

This project work on the non integrable systems in the light of Hamilto-

nian mechanics.



Chapter 3

Methodology

3.1 Symmetric top:The Integrable System

Symmetric top is an integrable system with two degrees of system.A rigid
body which is symmetric which has a fixed point,called apex, on the sym-
metry axis is called symmetric top.The top is assumed to be spinning with
its apex touching a plane sufficiently rough to prevent slipping, so that, in
effect, the motion takes place with respect to a fixed point O coinciding with
the point of contact.
A time-independent Hamiltonian system is said to be integrable if it has
N independent global constants of the motion f;(p,q), ¢ = 1,2,..., N (where
fi=H) and
fin£5] = 0. (3.1)

for all i and j. The requirement that an integrable system has N independent
constants of the motion implies that the trajectory of the system in the phase

space is restricted to lie on the N-dimensional surface

filp.q) = ki. (3.2)



where ¢ = 1,2,...N and N and k; are constants. If the system is inte-
grable, the n first integrals can be used to define the n-dimensional manifolds
L. ={(p,¢)l|fi(p,q) = ki, 1 < j <n} which is an N-dimensional torus. The
n-torus is a naturally periodic object and can be considered as the direct
product of n independent 27 periodicities. There can be N topologically in-
dependent closed paths 7; on the torus where none of the ~; can be deformed
continuously into each other or shrunk to zero.

We need special techniques to study the integrability of a rigid body
system.For this we use a moving frame, a relative frame whose coordinates
are attached to the rigid body, and an absolute frame both having their origin
at O. If R(t) is the rotation of the rigid body (moving frame) with respect
to the absolute frame at t then the motion of the body is given by,

q(t) = R(t)Q. (3.3)

For rigid bodies the position of the body with respect to the fixed system
of co-ordinates is determined from the position of moving system. A rigid
body has six degrees of freedom, the three independent angles and three
components of position vector. The dynamics of rigid body are given by the
equations of the form,

y=T+Qxr. (3.4)

where v is the dynamic quantity corresponding to moving frame Gamma
corresponds to the rigid frame and r is such that 7 = v and €2 is the angular
velocity.

The total energy of the system is given by,

1
E= MQ+V. (3.5)



Here V is due to the gravitational field and it remains constant. M. is
the momentum with respect to the vertical, so they are also constant. So
the system is Hamiltonian and has one trivial first integral ,the Hamiltonian
itself. For a system to be integrable we need another first integral that is
commuting with H. There is a list of systems that satisfy the condition and

are integrable.

1. Euler-Poinsot top In this case the fixed point is the center of mass
(O=G) or L=0. The kinetic energy(K) is constant. The K and H are

commuting.

2. Lagrange top This is the case of symmetric top where the inertia matrix

1s:

L 0 O
I = 0 Il 0
0 0 I,

The line joining the center of mass and origin is the axis of rotation.
The momentum K=M.L where the, M is the moment of motion, with
respect to the axis is a first integral and it do commutate with the

Hamiltonian. This case is more commonly known as symmetric top.

3. Kowalevski case There exist a moving frame in which the inertia matrix

1S

2m 0 O
I=10 2m O
0 0 m

This is also integrable case.

If we consider a system in which the 3D bodies move such that there is

7



always a point O which is fixed. The Euler theorem states that the general
displacement of a rigid body with one fixed point is a rotation about some

axis.



3.2 Non-Integrable Rigid Body Systems

For a non integrable system the second integral (I) of motion does not ex-
ist.That is only first integral that is the Hamiltonian is present. This opens
up the path to chaos. It implies that trajectories will not be confined to
a particular tori. The three cases we discussed in the last section are the
integrable systems available in rigid body.

The system can be made non- integrable by various techniques. If we

consider the Lagrange’s top we can make it non integrable by two ways.

1. By breaking its symmetry.

If the symmetry of Lagrange’s top is broken asymmetric pendulum
is formed where I, # I, # I,. This change turns the system non-

integrable and thus the system starts showing chaotic behavior.

2. By adding external stimulus.
By giving an external multiple periodic perturbation to the system we

can turn the integrable system to non integrable.

As these systems turn non integrable then it can be treated as any

other chaotic system and can be done analysis using chaotic tools.



3.3 Dynamics of rigid bodies

The dynamics of a rigid body is studied using the Euler equations in
euler angles. The euler angles can describe the system. These are
found by solving the equations for conservation of angular momentum,

that is the Euler equations. There are 3 degrees of freedom needed to

z

Sl

o

Figure 3.1: Schematic representation of a rigid body with euler angles

describe the position of the spinning top. They are 6, ¢, 1. 6 is the
angle between the z -axis of the space frame and the z’-axis of the body
frame; 1 , which is the rotation angle of the z’-axis of the body frame
around the z-axis of the space frame; and ¢, which is the rotation angle

of the spinning top around its own z’-axis (that of the body frame).

The angular velocity is given by w,,w,,w, as,

wy = Gsinfsin ¢ + 6 cos .
Wy = Gsinb cos d — Osin . (3.6)

Wy = ¢ cosl + 1.

10



We consider a symmetric body, appropriate for a top, for which the
moments of inertia I, = I, = Iy and I, = I. The angular momentum

is then

Hx == Iowx.
H, = Ipw,. (3.7)
H,=1Iw,/

The rotation of the body is studied using the Euler equations. The

Euler equation is obtained from the below equation.

H:%H+QXH. (3.8)

where H is the applied torque and €2 is the total angular velocity of
the rotating body. The Euler equation for the rigid body is given by,

M, = Io(6 — ¢sin b cos ) 4+ Idsin 6(¢ cos 6 + 1)).
M, = Io(¢sin 6 — 240 cos 0) — I6(¢ cos 0 + 1)). (3.9)
M, = I(t) + $cosf — ¢fsin ).

These equations are unsteady and non-linear. We can gain insight by
examining the character of some special solutions and constants of the

motion.

11



3.4 Tools of Chaotic System

The mathematical constructs that help to study a chaotic system are
phase space, Poincare mapping and time series analysis. Phase space
is the mathematical space of the dynamical variables of the system.
Poincare map is the snapshot of phase space taken at regular time
interval. The power spectrum is computed using Fourier analysis to
display the frequency composition of the time variation of the dynami-
cal variables. Here the study of the system was done using phase space

and Poincare mapping.

3.4.1 Phase Space

Phase space is the mathematical space of the dynamical variables of
a system. The phase space of a dynamical system is a mathematical
space with orthogonal coordinate directions representing each of the
variables needed to specify the instantaneous state of system. The 2N-
dimensional space described by canonical coordinates of a dynamical
system with N degrees of freedom is called phase space. A single point
in this hypothetical space represents completely the state of the sys-
tem. As the N-particle system evolves in the time according to the
laws of motion, the representative point describes a trajectory or an
orbit in the phase space. An important feature of the trajectory is that
two trajectories corresponding to similar energies will pass very close
to each other, but the phase trajectories will not intersect or self- in-
tersect. This non crossing property derives from the fact that past and
future states of a deterministic mechanical system are uniquely pre-

scribed by the system state at a given time. Crossing of trajectories at

12



a time would introduce ambiguity into past and future states, thereby
rendering the system indeterminate.

According to Liouville’s theorem a volume element in phase space can-
not become smaller or larger a points within it evolves with time. For a
system with one degree of freedom specified by a Hamiltonian H(p, q)
,the equation H(p,q) = 0 determines the trajectory in (g, p)-space. All
the trajectories are closed and the motion along any trajectory is peri-
odic in time. So there is no chaos.

In the case of a system with two degrees of freedom where Hamiltonian
is H(q1,p1, 2, p2). The trajectory is determined by H(qy, p1, ¢2,p2) = 0,
which is a 3d hypersurface.Here the two-dimensional tori is embedded
in the three-dimensional energy shell(3d hypersurface). They divide
the energy shell into an inside and outside. Thus if there was somehow
a "gap” between tori,which occurs for non-integrable systems, then a
trajectory in that gap cannot escape from it. The 2d torus is due to
second integral I.

The absence of I,non integrable systems opens the gate to chaos. The
trajectories cannot be confined to any tori. They can take any a much

more complex form in the energy hypersurface.

3.4.2 Lyapunov exponent

A system is called chaotic if the system shows sensitive dependence to
the initial condition. That is the neighboring orbits separate exponen-
tially fast. This means that two trajectories stating very close together
will diverge from each other and thereafter have totally different fea-

tures (Strogatz, 2001)).If 6(¢) is the separation between trajectories, it

13



grows as following in time.
o) I 11 6o |1 €. (3.10)

where ¢ is the separation between the trajectories at first. The number
A is called Lyapunov exponent. A positive Lyapunov exponent is a

signature of chaos.

1 On,

:lln | f(xo + do) — f(x0) . (3.11)
n (50

= 0 | (/)'(x0) |

A=Y (Y| .12

For stable fixed points and cycles,\ is negative and for chaotic systems

it is positive.

3.4.3 Time Series Analysis

Power spectrum is useful tool in the study of dynamical systems. The
power spectrum is computed using Fourier analysis to display the fre-
quency composition of the time variation of the dynamical variables.

The time evolution of a dynamical system is represented by the time
variation f(t) or time series of its dynamical variables. Any function f(t)
may be usefully represented as a superposition of periodic components.
The determination of their relative strength is called spectral analysis .

Depending upon the nature of the function we may represent it in two

14



different but related ways . If f(t) is periodic ,then the spectrum may be
expressed as a linear combination of oscillations whose frequencies are
integer multiples of a basic frequency. This linear combination is called
a Fourier series. However, it s more likely that f(t) is not periodic, and
the spectrum must then be expressed in terms of oscillations with a con-
tinuum of frequencies. Such a spectral representation is called Fourier
transform of (t).This representation is especially useful for chaotic dy-
namics. Because the Fourier transform is in general a complex—valued
function it is often preferable to define a real-valued function which is
the modulus square of the transform. This real function is called the
power spectrum of f(t). The Fourier series representation of f(t) may

be written compactly in complex notation
F&) =" ane™ (3.13)

Where a,, are the amplitudes of the components of frequency nw .

The Fourier transform of f(t) can be written as

ft) = /_OO a(w)e™tdw. (3.14)

[e.e]

where

a(w) = %/_OO f(t)e “tdt. (3.15)

As the Fourier transform often turns out to be complex, and it is useful

to define a real-valued function,the power series spectrum as

S(w) = |a(w)]*. (3.16)

15



The power spectrum is the quantity typically calculated in experimental
or numerical work. The power spectrum is introduced as a representa-
tion of the relative abundance of different frequencies in a given time

series.

16



Chapter 4

Result and Discussion

4.1 Symmetric top

The symmetric top is the Lagrange’s case of rigid body which has the inertia

matrix
Ii 0 0
I=10 Il 0
0 0 I,

That is I, = I, # I, . The dynamics of the symmetric pendulum is studied
using the Lagrange equation of motion. The Lagrangian L = T' — V .where
T is the kinetic energy and V' is the potential energy.

The kinetic energy of the system is given by

1 1 1
T= 3 W2+ 3 yws + §Izw§. (4.1)

17



As I, = I, = I, # I, the kinetic energy becomes

1 1
T = 511(%26 —{—w;) + 5 ng.

T o . (4.2)
— 511(02 + ¢*sin® 0) + 513,(@5 cosf +1)).
The potential energy of the system is
V = Mgz cos@. (4.3)

where M is the mass of the body and z is the distance of the tip of the top
from x axis. The Lagrangian L is defined as L = T'— V. Therefore from

equation [4.2] and equation [£.3]
1 o oy 1. .
L= 511(9 + ¢”sin 9)+§Ig(¢cos€+w) — Mgz cos®. (4.4)

The equation of motion is obtained from Lagrange’s equation.

d oL oL

E(a_q'j) 90~ (4.5)

By solving the Lagrange’s equation we get the behavior of the euler angles.

N .
0= ]—(gbsin@cos O(1, — I,) — I,y sin@ + Mgz sin 0)
1

2(I, — Il)éé sin @ cos @ — I, cos 0 + I,1)0 sin O (4.6)
Iy sin?0 + I, cos?

= ¢fsinf — $cosh

b=

Using these equations we can get the information on the Euler angles. By
using python the variation of 0, ¢, ¢ is determined.
In fig. u we can see the variation of 6, ¢,v,6, and ¢ with time. From

18
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Figure 4.1: Variation of 6, ¢, ¢, 0, gﬁ, ¢ with time.

these plots we can verify that symmetric top is definitely integrable system as
the variation of the euler angles are periodic. The phase space of the system

is plotted using 6 and . It is given in fig.

Figure 4.2: Phase space plot for 0
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The tip of the top traces the motion of precession during the motion due
to the overall effect of 6, ¢ and . This motion can be described by plotting

between the nutation angle and precession angle as in fig. [4.3]

0.80

o 07
0.60
0.55
4 6 8 10 12
]

o
o
v

o

v

0.50

Figure 4.3: Precession of the top

From the time variation plots of euler angles and the phase space it is
clear that the system is not showing any aperiodicity. For a top spinning top

about an axis of symmetry the repeated returns will be regular and periodic.

20



4.2 Asymmetric top

When passing from the symmetric to the asymmetric top, one symmetry is
broken, with the corresponding loss of one of the constants, we are left with
a three degrees of freedom system with only two constants. At this point one
must check whether the third constant is available or if the system shows
chaotic behavior. It is at this point that the numerical indicators of chaos
are a most useful tool which can confirm the existence or nonexistence of the
missing integral, clarifying thus the integrability (or non-integrability) of the
top(Barrientos et al., [1995).

A symmetric top is turned into asymmetric by making the system having

three different moment of inertia. The inertia matrix is changed to,

L 0 0
I'=10 Li(l4e¢ 0
0 0 I,

Due to the change in inertia matrix the Lagrange’s equation is thus modified

as follows,

1 . . 1 . .
L= 51'1(92 + ¢*sin® ) + 5[3(¢COS€ + 1) — Mgz cos 0+

1 _ ' (4.7)
56]1(925 cos 1 sinf — fsin)?,
With this L the Lagrange’s equations becomes,
0 ! (¢psinfcosO(I; — I.) — I¢opsin® + Mgz sinf
=————(¢sinfcos — 1) — Loy sin zsin
I + el sin? ¢ ! g
1 ; .. .
+ 56]1 sin 29 (¢ sin 0 + ¢ cos 0) + el 1) sin 6 cos 29 (4.8)

— €01 sin 20 + eI ;¢ cos 1) cos O cos 1) sin 6 — 0 sin1)).

21



1
¢ = I, sin? 0 + I, cos? 6 + €l sin® 0 cos? 1

— Lpcos @ + L0 sin b + el ¢n) sin? 0 sin 2¢) + 0.5, sin 2¢) sin 0 (4.9)

(2(I, — I,)¢f sin 0 cos 0

— el1¢0sin 20 cos® 1 + 2el104) cos 20 sin O + 0.5¢1,6? sin 24) cos 0).

P POsin — $cosf — ey (¢ costpsinf — Osin1))(Psin) sind + 6 cos 1))

(G T :

(4.10)

Using these three equations the variation of euler angle is found for different
¢. The variation is shown below in fig. From this figure it is clear that the

euler angle propagation has being disturbed due to the asymmetric property.

16 =

14

12

10

Figure 4.4: Variation of 0, ¢, v, 0, qz'S, @/} with time.

To detect if this disturbance is due to the non- integrability or chaotic
behavior it is studied through the indicators of chaos, such as the power spec-
trum, Lyapunov exponents and phase space maps.These are the techniques

we will employ for the analysis of the asymmetric heavy top.
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(a) Phase space trajectory for (b) Phase space trajectory for
e =—0.02 e =0.08

(c) Phase space trajectory for
e=0.23

Figure 4.5: Variation of phase space for different e

From fig. we can see that the phase space is no more periodic and it
changes as we change the value of epsilon. The aperiodic behavior off phase
space is an indicator for non-integrability.

The fig. [.0Fef shows the power spectrum for € = 0.04 and € = 0.14. This is
the lower frequency region. For symmetric top fig. he spectrum shows
no peaks which shows the periodicity in the motion. Whereas the power
spectrum for € = 0.04 and € = 0.14 gives more peaks in the low frequency

region which depicts the chaotic behavior.

23



1el0

Amplitude

T T T T T T
o] 2000 4000 6000 8000 10000 12000
frequency

(a) Power spectrum for symmetric
top

1000000

1250000 1

1000000 A

750000

500000 §

25

—250000 4

—500000

—750000 1

0000

04

(b) Power spectrum for e = 0.04

T
50

T
75

T
100

750000 o
500000 4

250000 o

0 ‘/‘/\
—250000 4

—500000

—750000

T T
20 40

T
60

T
80
frequency

T
100

(c) Power spectrum for e = 0.14

T T
125 150
frequency

Figure 4.6: The power spectrum for different e
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Lyapunov exponent is one of the strongest indicator of non-integrability.

The Lyapunov exponent for the variation of time evolution due to two tra-

jectories is plotted in fig. For stable fixed points and cycles,\, Lyapunov

exponent is negative and for chaotic systems it is positive. Here in this plot

we can see that at first he exponent goes negative but as the trajectories

starts deviating the A turns positive and it is in positive state for rest of the

time.
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Figure 4.7: Lyapunov exponent variation for e = 0.04

From all these analysis it is clear that the system has turned non-integrable.
This again gives out that there is no existence of a third constant of inte-
gral which makes the system integrable. The breaking of symmetry of the

Lagrange’s top thus leads to a non- integrable system.
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4.3 Symmetric top with harmonic stimulus

The next case is of a symmetric top mounted on a vibrating base. The
motion of this system is described by Euler’s angles 6, ¢ and 1. The system
is excited by harmonic forces [; sinwit + [y sinwst. The Lagrangian of the
system is given below,

L= %Il(éz + ¢?sin?6) + %Ig(é cos 0 4 1))

(4.11)
—Mg(z + Iy sinwyt + I sin wat) cos 6.

where [; and [, are the amplitude of external excitation disturbance and w1l
and wo are the frequencies of external excitation disturbances. With this L

the Lagrange’s equations becomes,

1. -
0= I—(qbsin@cos@(ll — L) — L¢ysinf
1

+ Mg(z + 1y sinwyt + lo sinwyt) sin 0)

(I. — I,) ¢ sin @ cos @ — I,1p cos O + 14)f sin
I, sin* 0 + I, cos? 0

Y = ¢fsinf — dcos b

. (4.12)

As we can see there is no change in phi and ) from the case of symmetric
top to study the properties of the system we need to take only the case of
0. Since ¢ and 1) are absent in the Lagrangian we get first two integrals of

motion expressing the conjugate momenta. The momentum integrals are,

OL
Py = 2 = By-
(4.13)
eyt
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As the system is having three variables we use the Routh’s procedure to

reduce the system into one variable dependence.The Routhian is defined as

R =L — By — Byt
1 . — Bycosf)? B2 . .
= §I192 — ((ﬂ¢2126§n2 7 ) 2—;; + Mg(z + Iy sinwyt + ls sin wat) cos 0).

(4.14)

With Routhian we can deduce the equation of motion in one variable by,

d OR, OR
—(—)— — = 4.1
dt< o0 ) 00 0 (4.15)
This gives ,
. Mg _ _ ' B3(1 — cos 0)?
0 = — (2 + [y sinwit + lysinwst) sin ) — —————— (4.16)
L I?sin® 0

Using the equation we can plot the variation of Euler angles with time.
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From the fig. we can deduce that the non-periodic behavior of the
system. Here we used the parameters l; = 0.4m, Iy = 0.6m, w; = 1.597rads™*
and wy = 1.24rads™!. To verify the non-integrability the chaotic indicators
are used. The phase space of the system for the above parameters is given by

fig. This obtained from the reduced equation of motion using Routhian.

Figure 4.9: Phase space for a particular 0

Since only one variable is present we can show the sensitivity to initial

condition much clearly as in fig. [4.10]

Figure 4.10: Phase space for two close initial conditions 0

The power spectrum and Lyapunov exponent variation was done for the
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system. The power spectrum is given in fig. [4.11} In these we can see may

peaks denoting the non linearity of the system.

1le9
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T T T T T T T T
25 50 75 100 125 150 175 200
frequency

Figure 4.11: The power spectrum

The Lyapunov exponent variation is given in fig. 4.12] The A turns posi-
tive indicating the deviation in the trajectories and hence the chaotic prop-

erty of the system.
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Figure 4.12: The Lyapunov exponent variation

Hence the symmetric top with external harmonic stimulus is proved to

be non-integrable.
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