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ABSTRACT

Here, we discuss semiclassical gravity for a scalar field on a flat background in which a
classical metric is coupled to the expectation value of the stress tensor. It is argued that this
theory is a good approximation only when the fluctuations of the stress tensor are small. The
expectation value of the of the stress tensor for a two particle number state , choherent and
squeezed states and the criteria for the validity of the semiclassical gravity theory was discussed.
[KF93]

v



Contents

1 Introduction

1.1  Why Semiclassical Theory of Gravity 7
1.2 Classical Field Theory
1.3 Dimensional analysis of the Lagrange density
1.4 Equations of motion

1.5 FEinstein’s equations using Lagrangian formulation . . . . . . ... ... ... ..

1.5.1

1.6 Ehrenfest’s Theorem

Construction of the action integral for General Relativity . . . . . . . ..

1.7 The Principle behind the WKB Approximation . . . .. .. .. ... ... ...

2 Introducing Quantum Field Theory

2.1 The harmonic oscillator in a formalism parallel to that used in Quantum Field

Theory
2.2 Hilbert

2.3  Quantum scalar field in curved spacetime

231
2.3.2

representation of operators . . . . .

Canonical Quantization . . . .. ..
Construction of the Hilbert Space . .

3 Semiclassical Gravity Theory and Quantum Fluctuations: Part 1

3.1 Quantum states and negative energy density

3.2 Discussion regarding Limits of Semiclassical Gravity . . . . . . .. ... .. ...

4 Introduction 2

5 Coherent States

5.1 Coherent States

5.1.1
5.1.2
5.1.3
5.1.4
5.1.5
5.1.6

Displacement Operator . . . . . . ..

Representation in the Number State

Probability distribution of Coherent states . . . . . . . ... ... ....

Orthogonality of Coherent States . .
Completeness of Coherent States . .
Uncertainty Principle . . . . . . . ..

6 Squeezed States

6.1 Squeezed states

6.1.1

Properties of the Squeezing Operator

DO W W NN = -

-J

10
11

12
12
15

16

17
17
17
18
18
19
19
19



6.1.2 Some Important Results

6.2 Squeezed Vacuum . . . . . . . .. ...
6.3 Applications of Coherent and Squeezed States

7 Semiclassical Gravity Theory and Quantum Fluctuations: Part 2
7.1 Calculation . . . . . . ...
7.2 DISCUSSION . . . . . . . . e

8 Conclusion

9 References

vi

25
25
26

28

29



Chapter 1

Introduction

1.1 Why Semiclassical Theory of Gravity ?

We know that classical and quantum mechanics delves into completely opposite sides of the
spectrum of dimensions and the fact that classical mechanics can be obtained from quantum
mechanics using Ehrenfest’s Theorem which will be discussed in section 1.6. We also know that
the Einstein’s theory of gravity is a classical theory and that, although a lot of research is going
on, a complete quantum theory of gravity has not been formulated yet. Since a semiclassical
theory seeks to bridge the classical and quantum theories, either of which, can be obtained at
particular limits (as it would be seen from sections 1.6 and 1.7), thus the formulation of a semi-

classical theory is important.

A natural proposal to describe a gravitational field of a quantum system is the semiclassical
gravity theory in which we consider classical spacetime described by the Einstein tensor G,
and a quantum source (matter or energy), described by the expectation value of the stress-
energy tensor (7).

In classical gravity theory, the Einstein’s theory is given by:

1
G =R, — §g,“,R = 8rGT,,
[Car19]

Thus according to the semiclassical theory the above equation becomes:
1
Guw =Ry — §QWR = 81G(T,)

This would almost certainly fail at Planck scale, where the quantum nature of gravity becomes
dominant. However it could also fail away from the Planck scale if the fluctuations of the the
stress tensor becomes large. It is seen that the semiclassical theory gives reliable results only

when the fluctuations of the stress tensor are not too large, that is, when:

(Tap ()T (y)) = (Tap(2)) (T ()

On the other hand, if the quantum fluctuations are large, the semiclassical theory cannot be
trusted. Here, we will discuss the the issue of the limits of validity of the semiclassical theory,
particularly for quantum states in which the expectation value of the local energy density can
be negative. [KF93]



1.2 Classical Field Theory

Making a transition from special relativity to General relativity, the metric 7, changes into g,,,
which is a dynamical tensor field. General relativity is a special case of classical field theory.

In the case of classical mechanics, a single particle in one dimension is denoted by the posi-
tion coordinate ¢(t). The equations of motion for the system is found by using the principle of
least action and finding the critical points of the action integral S, given by:

5= [ aw,.qo) (1)

t1

Here, the functional L(q(t),¢(t)) is called the Lagrangian of the system. For a point particle
system, the Lagrangian has the following form:

L(q(t),q(t)) = K =V (1.2)

Where, K is the Kinetic energy of the point particle and V is the potential energy of the
particle. Using the calculus of variations, we find the Euler-Lagrange equations, that are the
equations of motion of the single particle, which take the following form:

oL d (0L
—_ =) = 1.
Jq dt (8q’> 0 (1.3)

Now we transition to Field theory. The concept is basically the same but all the coordinates
are replaced by a set of spacetime dependent fields ?(x#), and the action integral becomes a
functional of the fields. In field theory, the Lagrangian can be expressed as an integral over
a space of a Lagrangian density, L, which is a functional of the fields ¢’ and their spacetime

derivatives, 9,¢". The Lagrangian takes the form:

L = /d%L(gpi,@Mgpi) (1.4)

The action integral thus becomes:
5= [ Lo 0. = [aiLi,o,6) (15

Here, L(¢", 0,¢") is called the Lagrangian density.
The Lagrangian density is a Lorentz scalar. More convenient to define a field theory by specifying
Lagrange density which are functions of ¢’ and 9,¢", from which all of the equations of motion
can be derived.
[Carl9]

1.3 Dimensional analysis of the Lagrange density

We consider “natural units” in which ¢ =1, h = k =1, where h = % Here, h h is the Planck’s
constant, k£ is the Boltzmann constant, and c is the speed of light in vacuum. As a result, in

natural units, we have:

[energy] = [mass] = [length] ™ = [time] ™!

2



In that case, the action integral is found to be dimensionless.That is M.
The volume element has units: [d*z] = M~

Thus the Lagrange density has the dimensions: [L] = M*

[Car19]

1.4 Equations of motion

The Euler Lagrange equations are obtained by using the principle of least action, under the
small variations of fields:

O — "+ 0" (1.6)

00" = 0" + 0(0,0") — 0’ + 0,0 (1.7)

Thus the variation in the action can be expressed as:

0S = 5/dtL(g0i,8ugoi) = /d%dL(gpi,augoi) (1.8)

Now the Lagrange density variation can be described as:

oL oL

a¢15¢+ (ami)a“(ég#) (1.9)

SL (¢',0,8") = L (¢' + 66", 0,0+ 0, (6¢)) = L (¢',0,¢') +

By simplifying the term < ) (0,0¢") the difference in Lagrange density becomes:

oL oL i oL 54
(Qb 0,9" ) BYS ¢ O (6 (Gugb’)) 09"+ O, (a (augbi)&b)

The change in action, thus becomes,

e fon (- (585) ) fon (o)) o

The second term goes to 0, since, at the boundaries, d¢° goes to 0, so we end up with: For a

stationary value, we must have, 0.5 = 0 Hence, we obtain the Euler-Lagrange equation for a field

theory in Minkowski’s space-time to be as follows:

oL oL
— -0 — | =0 1.11
og O (a@w)) (111

[Carl9]

1.5 Einstein’s equations using Lagrangian formulation

Einstein’s equations can be derived from the principle of least action. We work at spaces of n
dimensions (since the results will not depend on the dimensionality). The metric will be consid-

ered to have a Lorentzian signature.



We consider a field theory in which the dynamical variables are a set of fields ¢°. The classical
solutions to such a theory will be those that are the critical points to the action integral S given
by:

5= [dtLe 0, = [ daL(s V) (1.12)

The covariant derivative is due to the fact that a general space was considered. d"zL(¢",
V") is a tensor denisty. Thus, L can be written as:

L= (gL (1.13)

Ly is a scalar. The Lagrange density is applicable whenever the action integral is varied with
respect to the metric, on the other hand Ly is applicable in the Euler Lagrange equations:

oL oL
— -V — ] =0 1.14
el (a@w)) (1.14)

[Carl9]

1.5.1 Construction of the action integral for General Relativity

The dynamical variable for the action integral is taken to be the metric g,,. The independent
scalar constructed from the metric, no higher than the second order in its derivatives is the Ricci
scalar. The action integral thus formed is called the Hilbert action (or Einstein Hilbert action):

Sy = [ d"z\/(—9)R (1.15)
Now, applying the variational principle, the integral gets divided into three parts:
0Sy =051+ 055 4+ 453 (1.16)

where,

051 = [ d"z+\/(—g)g"" R, (1.17)
05y = /d"q:\/(—g)ég“”RW (1.18)
0S5 = /d"xéx/(—g)g"”RW (1.19)

by using the following relations: The Ricci scalar R is given by R = ¢g"”R,,, where R, is
the Ricci tensor. The Ricci tensor is obtained from the Riemann tensor as R, = R/ _,, and

puov?
09 = —GuoGvp09”” (1.20)
Thus, the overall variation of the Hilbert action is given by:

1
0Sy = /al”:zc\/—g(RW — égWR)ég’W (1.21)

The functional derivative of the action is given by:

;551 5g0i) d"x (1.22)

65:/;( ®

4



Thus, we have:

1 6S 1
——— =R, —=-g,R=0 1.23
\/__g ¢’L 22 29/1/ ( )
The above equation is the Einstein’s equations in vacuum, since there are no matter fields

included. To get the non-vacuum portion of the equation, our action becomes:

B 1
- 16mG

Sy is the action for matter. Thus, considering the dynamical variable to be the metric g,

Su + Su (1.24)

our equation gets modified to:

1 S 1 1 1 6w
T390 = Tong P — 39w B) + =500

Now, we consider the action for a scalar field in curved space:

S, = [ (-39 (90 (V9) - Vi) ) v (1.26)

() (1.25)

2
Varying the action with respect to g,,, we get the Energy momentum tensor to be:

1 6S 1
T\ = —2\/—_—ggf; = VbV = 598"V Voo = guo V() (1.27)

[Car19]

1.6 Ehrenfest’s Theorem

If quantum mechanics has to be more general than classical mechanics, we must be able to arrive
at classical mechanics at some limiting case. To illustrate the idea, we do the following:

A simple way to calculate the expectation value of momentum is to evaluate the time derivative
of (), then multiply with the mass m, which gives us:

d d < Ilyl?
(p) = m—fl? =mo | xlw\ dx = m/ M (1.28)
which leads to:
_dh [T 0y Oy [T 0y

The momentum expectation value can be expressed as:

d 0
(p) = m% = —ih /OO w*a—ﬁdw (1.30)

Now, we take the time derivative of the momentum expectation value. Which takes the form

dp) [T dAV, ., JdV
At /Ooda:hﬂdx_ <d93> (1.31)

Considering that the potential V' (z) is slowly varying, then it can be shown that the expecta-
tion values of the momentum and the time derivative of the expectation values of the momentum
can be reduced to the Newton’s second law if the De Broglie’s wavelength associated with the
particle is negligible, that is A\ — 0. [Zet03]



1.7 The Principle behind the WKB Approximation

The Wentzel-Kramer-Brillouin (WKB) method is useful for approximate treatment of systems
with slowly varying potentials, that is where the potential remains constant over a single De
Broglie wavelength. In classical sustems this property is always satisfied since the De Broglie
wavelength tends to zero at that limit as mentioned in the previous section. The WKB approx-

imation can thus be viewed as a semiclassical approximation. [Zet03]



Chapter 2

Introducing Quantum Field Theory

2.1 The harmonic oscillator in a formalism parallel to

that used in Quantum Field Theory

We have seen previously, that the action for a particle of mass m, moving in a time dependent
potential V(x,t) in 1 dimension is given by:

S = / dtL (2.1)

where L = §m>'<2 — V(x,t) is the Lagrangian of the system. Thus the equations of motion

becomes:
mo}x + 0,V (z,t) =0 (2.2)

Canonical quantization proceeds by the following processes:
i. Defining the momentum conjugate to x, p = % = moyx
ii. Replacing the dynamic variables x and p by their operators & and p and

iii. Imposing the canonical commutation relations [z, p| = ih

In the Schrodinger picture, the state is time dependent, the operators are time independent.
In the Heisenberg picture, the state is time independent and the operators are time dependent.
The commutation relations should hold at each time since the equation of motion implies that
if it holds at an initial time, it holds for all times, thus it is still only a single commutation
relation. In terms of position and velocity, the commutation relation in the Heisenberg’s picture
takes the form: i
[z, %] = - (2.3)
The equation of motion for a harmonic oscillator with a potential V(x,¢) = $mw?(t)z? takes the
form:

Ofr +w(t)z =0 (2.4)

An operator solution z(t) is considered for this equation. The equation is second order, thus
the solution is determined by two Hermitian operators z(0) and #(0) and the linear nature of
the equation means that the solutions are also linear. The solution z(¢) can be written in terms

of the non-Hermitian operators = and ' as:

z(t) = f(t)a+ f(t)a’ (2.5)



Here, f(t) is a complex function satisfying the classical equation of motion. f is the complex
conjugate of f and a' is the Hermitian conjugate of a.

[Jac05; Lam13]

Using the solution for the harmonic oscillator x(t) = f(t)a+ f(t)a' on the commutation relation
[z, %] = 2 we find:

(f, Nla,a’l =1 (2.6)
Where the bracket (f,g) is given by:

(F.9) = "oy~ (0.)9) 2.7

If the functions f and g are solutions to the harmonic oscillator equation 92z + w?(t)x = 0,
then the bracket (f, g) is independent of time ¢. Considering the solution f to be chosen so that
the real number (f, f), then by rescaling, we set, (f, f) to be:

(f,f)=1 (2.8)

Then, the commutation relation, [a, a'] becomes:
[a,al] =1 (2.9)

Which is the standard relation seen in Quantum mechanics.

Using the function f and its conjugate f and the solution of the harmonic oscillator z(t), using
the definition of the bracket, (f, g}, the operators a and a' can be found. The relations are:

a=(f ) (2.10)

and
al = —(f,z) (2.11)

Both f and z satisfy the equation of motion, thus the brackets mentioned above are time
independent. [Jac05]

2.2 Hilbert representation of operators

The Hilbert representation of operators can be built by introducing the normalized state |0)
and satisfying the equation a|0) = 0. For each n, the state a |n) = \/—%(aT)”|O> is a normalized
eigenstate of the number operator N = a'a with eigenvalue n. The span of all the states defined
by the state |n) spans the entire Hilbert space of |0) and all the subsequent excitations.

A change in f(t) leads to the change in a that keeps the overall solution x(¢) unchanged. The
energy is conserved for a special case in which the frequency is constant w(t) = w and the
function f(t) is chosen so that the state |0) is the ground state of the Hamiltonian.

For a solution x(t) = f(t)a + f(t)a' with a general f, the Hamiltonian becomes:

1 1
H= §mi2 + §mw2x2 (2.12)



Using a|0) = 0, a'|0) = [1) and [a,al] = 1, we find:
1 2 22 -2 202\ _tot “12 202 bt
H = 2m<<f + wf )aa—l— (f +w f) alal 4+ <|f| + w?f ) (aa —{—aa)) (2.13)
The above leads to:
1 -2 202\ Lot "2 21012

H|0) = 2m<<<f +uw f) )a atl0) + (|fy +w?f] )|o>) (2.14)
This means that for the state |0) to be an eigenstate of H, the first term must vanish. That is :
fP+uwiff=0 (2.15)

This means that:
f=tiwf (2.16)

Meaning f = AeT*“! hence, for such an f, the norm (f, f) is:

2mw

(f. ) ::FTWZ (2.17)

—iwt

Thus the strictly positive nature of the norm, we have f = Ae which leads to the normalized

positive frequency solution to the equation of motion, defined by:

h —iwt
f=y g (2.18)

Up to an arbitrary constant phase factor. Using the given f, the Hamiltonian becomes:
H = ihw(aa +a'a) = hw(N + 5) (2.19)

The spectrum of the number operator is non negative integers, thus, the minimum energy state
is the one with N = 0 and the “zero point energy” %hw It is known that the mean value of
position is 0 in the ground state, but the mean of its square is given by:

01?0y = 5 (2.20)

This characterizes the “zero point fluctuations” of the position in the ground state. [Jac05]

2.3 Quantum scalar field in curved spacetime

The spacetime is taken to be of an arbitrary dimension D, with a metric g,, of signature
(+,—,—,...,—). The action integral for the scalar field ¢ is given by:

1
S = /de |g|§ (g’“’ 00y — (m2 +§R) 4,02) (2.21)

Here, R is the Ricci scalar. [Jac05]



2.3.1 Canonical Quantization

To canonically quantize the field, the Hamiltonian description should be taken. We separate out

the space and the time coordinates of the action integral so that it takes the form: S = / dz"L
and L = [dP~'xL

In the action integral, the Lagrangian, under minimal coupling (R=0) is given by:

1
L= \/@5 (8"0,p0pp — m*¢?) (2.22)

The canonical momentum at a time z° is given by:

oL
6 (Oop(x))

The x labels a point on a surface of constant 2°, the 2° components of ¢ is suppressed, n* is the

m(x) = = |g2"0,0(x) = |h|20"8,p(x) (2.23)

unit normal vector to the surface, h is the determinant of the induced spatial metric h;;.
To quantize, the field ¢, and its conjugate momentum are considered to be Hermitian operators
and satisfy the canonical commutation relation:

[o(x), m(y)] = ihd" ™ (x, y) (2.24)

The Dirac delta function on the right hand side is defined by the property:

/ P16 (x, y)f(y) = £(x) (2.25)

For any scalar function f without the use of any metric volume element. Just like in the previous
section, a conserved bracket can be formed from the two complex solutions f and g to the scalar

wave equation:
-1
<Igl78ulg|%g’“’8v + m2) =0 (2.26)
We the obtain the conserved bracket to be:

(f.9) = < / dEm“) . (2.27)

' (f,g) = %Igﬁg’” (fovg — (0u1) 8) (2.28)

The above mentioned bracket is sometimes called “Klein Gordon inner product” and (f, g) called

where,

the “Klein Gordon norm” of f. The current density j*(f,g) is divergenceless that is 9,j* = 0
when the functions f and ¢ satisfy the Klein Gordon equation (\ g\%ﬁu\ g\% g’ oy + m2) v =0

hence the value of the integral (f, g) = ( / ax, j“) is independent of the integrating spacelike

)
surface X provided the functions f and g vanish at infinity.

The Klein Gordon inner product satisfies the following:

(f.9)=—(],9) =g, f) and (f,f) =0

It is important to note that the brackets are not positive definite. [Jac05]

10



2.3.2 Construction of the Hilbert Space

Now, we expand the field operator in terms of the modes and associate the creation and the
annihilation operators with the modes. Just as it was done in the harmonic oscillator case,

the annihilation operator associated with a complex classical solution f with the field ¢ can be
defined as:

a(f) = {f.¢) (2.29)

Similarly, the creation operator can be defined as:

a'(f) = —a(f) = =(f,¢) (2.30)

Using the definitions, a(f) = (f,¢), a'(f) = —a(f) = —{(f,¢), {f,9) = </d2uj“) , where

)
“(f,g) = %|g\%g"” (f&vg - (8&) g), and from basic field theory, [¢(z),Dip(y)] = 0 we get the

following commutation relations:

i. [a(f),a'(9)] = (f.9)

ii. [a(f),a(g)] = =(f.9)

iii. [a(f), a"(9)] = —(f.9)

If f is a positive norm solution with a unit norm (f, f) = 1 then a(f) and af(f) satisfies the usual

commutation relation for the raising and lowering operators for a harmonic oscillator. That is:

[a(f),at(f)) =1 (2.31)

If we have a normalized quantum state |¥) which satisfies a(f)|¥) = 0. This condition satisfies
an aspect of the state. That is, for each n, the state |n,¥) = ﬁ(a*)”hﬂ) is a normalized
eigenstate of the number operator N = a'(f)a(f), with the eigenvalue n.

The span of all these states defines a Fock space of f-wavepacket, “n-particle excitations” above

the state |¥). [Jac05]

11



Chapter 3

Semiclassical Gravity Theory and
Quantum Fluctuations: Part 1

As stated in the introduction in Chapter 1,
The Einstein’s equation is given by:

1
Guw = R — §g,“,R =8rGT,, (3.1)

Its semiclassical form, the Einstein’s equation becomes:

1
G =Ry — 59/”/3 = 81G(T,) (3.2)

This theory fails in the Planck’s scale. It was found that the semiclassical theory give reliable
results when the fluctuations in the stress tensor are not too large. That is when:

(Tap ()T (y)) = (Tap()) (T () (3.3)

The objective of this following calculation is finding the scale at which the semiclassical theory

of gravity is no longer reliable. [KF93]

3.1 Quantum states and negative energy density

All forms of matter has non-negative energy density, it is however not true for quantum field
theory. Let us consider a massless, minimally coupled scalar field for which the Lagrangian

density for Minkowski’s spacetime is:

1
L= 51" (0u8) (Dug) (3.4)
Thus the stress tensor is given by:
1 0S 1
Ty = _2\/——_g5g_’i = VupVop = 588" Vo Vo (3.5)

Thus in Minkowski’s spacetime, where we have g,, = 7, and the conditions mentioned above,
we have:

1 1
Ty = Oupdpp — §nyvnp”3p903crso = 0,0y — 571#1;(90903”30 (3.6)

12



Variation of the Lagrangian density with respect to the field ¢ gives the dynamical equation of
motion:

(=0} + V*)p(z) = 9,0"p(z) =0 (3.7)

Thus the quantum field can be expressed as the linear combinations of mode functions as follows:

Y= Z (axfic + af fi) (3.8)
k
where, [ak,al,] = O, |ak,ar] = 0 and [al,a};,] = 0 The mode function of such a dynamical
equation obtained by considering periodic boundary condition of a 3 dimensional box of side L,
is given by:
1 ikqz® 1 k.Z—iwt

The mode functions are normalized on a spacelike hypersurface under the scalar product:

(01, p2) = —i/dnlx (01(x)00p3(x) = (Gopr (x)3(x))) (3.10)

such that [fk; fk’] = 5kk’

Considering the states where a single mode is excited, quantum states of which tale the form:

oo

@) =" caln) (3.11)

n=1
here, |n) is the number eigenstate with n particles in the mode k and ¢, are coefficients such

that >~ | |¢,|* = 1 Now, we have the stress tensor to be:

1
Ty = 0,00y — 577;“,80(,08%0 (3.12)

And at the mode k, the field in terms of the modes is:

o = apfi + al fi (3.13)

And considering the mode function f; given by:

1 ika ™ 1 k.z—iwt
:—61 al® _ e T—iw 314
Ji V2L3w V263w ( )
[KF93]
We find the following:
1 .
Jife = 2L3w€2w (3.15)
* ]' —21
fele = 2L3w€ 20 (3.16)
. . 1
Jilw = fulr = Y (3.17)
The value of the stress tensor becomes:
1 1 . .
Tos = T (kakg - énaﬁkpk") (—akakew — aliaf{ew + aLak + akaD (3.18)

13



Here, we have 0 = k,x”

We consider: ko5 = 55 (kakg — 37ask, k”)

for a massless case, we have, ko5 = ﬁ since k,k” = 0 The stress tensor thus becomes:
_ B 29 t.t 219 , T t
Top = Kap | —axaxe aya,e”’ + ajax + axay (3.19)

The normal ordered stress tensor in Minkowski’s spacetime is the renormalized result obtained

by subtracting the Minkowski’s vacuum expectation value from the total expectation value.
That is:

(: Tap 2) = (Tap) = (0|Tp0) (3.20)
Completing the calculation, we get:

210

(: Top 2) = Kap(2nlca|? — ¢ _yen/n(n — 1)e* — cic,_se™ ) (3.21)

The above calculation can also be done by using the bilinear form:

1
Taple, h] = 0,800 — 51058071 (3.22)
Thus, we get:
TO&B [fk? flt] = Taﬁ [ff(ka fk] = Ragp (323)
Tap [fi, fi] = —Féaﬁem (3.24)
and
Top [, ] = —Rage™’ (3.25)

Now considering a state composed of two particle number eigenstates,

1
V) = m(l@ +¢€[2)) (3.26)

where, |0) is the vacuum state satisfying a|0) = 0 and |2) = \/iiaT is the two particle state. ¢, the

relative amplitude of the two states is considered to be real in this case. For this state, similar

to the previous calculation, we get the normal ordered expectation value of the stress tensor to
be:

(: Tap:) = (V] : Top: |V)

€ k * * *
= 1 (V2 (T [ B + Tag 15 K1) + 2€ (T [, 5] + Tas [, 1))

. Rap€
14 e2

(2¢ — V2 cos26) (3.27)

From the above description, it can be seen that the energy density can be positive or negative
depending on the value of ¢ and the negative contribution comes from the cross-term and the
spacetime dependent phase 6 = k,z”. [KF93]
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3.2 Discussion regarding Limits of Semiclassical Gravity

The extent to which the semiclassical approximation is violated can be measured by a dimen-

sionless quantity given by:

(: T ()T (y) =) — ( Top(x) )  To(y) 2
(: Tup@) Ty (9) ) (3.28)

This quantity is a dimensionless measure of the stress tensor fluctuations. (Note that it is not a

Rapu(,y) =

tensor, but rather the ratio of tensor components.) If its components are always small compared
to unity, then these fluctuations are small and we expect the semiclassical theory to hold. [KF93]
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Chapter 4

Introduction 2

Previous semester, from the Einstein’s equations, the semiclassical limit was taken, which in-
cluded taking a classical spacetime described by the Einstein tensor G, and quantum mat-
ter/energy described by the stress energy tensor described by T),,.

The minimally coupled scalar quantum field operator was found from the Klein-Gordon equation
in terms of the creation and annihilation operators a' and a respectively. Using the Lagrangian
formulation the stress energy tensor was found, which is the converted to the operator form
using creation and annihilation operators.

A two particle number state was taken for which, the normalized stress energy tensor was found.

For simplicity, the calculation was done in Minkowski’s spacetime.
This semester, coherent and squeezed states and their respective operators and parameters will

be defined and explored. The normalized stress energy tensor and the fluctuations for coherent
and squeezed states will be discussed.
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Chapter 5

Coherent States

5.1 Coherent States

Coherent states |«) or also called Glauber states is defined as the eigenstate of the annihilation

operator a with eigenvalues a:
ala) = ala) (5.1)

since @ is a non-hermitian operator, thus the eigenvalue o = |a|e™?eC

5.1.1 Displacement Operator

The displacement operator D(«) is defined by:
D(a) = o —ora (5.2)

Here, o is a complex numbera = |a|e™?eC, a is the annihilation
operator, a' is the creation operator.

Important Identities of Exponentiated Operators

Considering;:
Figure 5.1: Coherent States et = Z %An (5.3)
We get the following:
e“Be ! = B+ A, B] + %[A, [A, B]] + ... (5.4)
edef = ePete A8 (5.5)
eAtB = eAeBemzlABl (5.6)

From (5.6) we can show that the displacement operator can also be expressed as follows:

T % _ 12 aat —a*a
D(a)zeaa a*a _ slal?e®@ e

17



Properties of the Displacement Operator

T(a) = D(—a) = D7'(a). It is a unitary operator.

Ne)aD(e) =a+a

(a)a’D(a) = a' + a* = (D' (a)aD(a))t

D(a + ) = D(a)D(g)e~m ")

The coherent state |a) is generated from vacuum |0) by the displacement operator D(«)

A
S O T

D(a)[0) = |) (5.8)

The coherent state as obtained from the action of the displacement operator on vacuum in the
phase space is shown in the figure 5.1.

The above properties of the displacement operator can be obtained by using the operator ex-
pressions (5.4), (5.5) and (5.6).

5.1.2 Representation in the Number State

The phase of the coherent state |a) describes the wave aspect of the state. To describe the
particle aspect, we expand the coherent states in the number state representation as follows:

@) = > In)(na) (5.9)
Considering the relations:
a'ln) = vVn+ 1n + 1) (5.10)
and
aln) = v/nln — 1) (5.11)

including the properties of the displacement operator which were discussed previously, we can

show the number state expansion of the coherent state to be:
1

s e A Lz e (aat)”
a) = e21 Zﬁm):e—a\al Z%m (5.12)

n=0

5.1.3 Probability distribution of Coherent states

We analyse the probability of detecting a number state |n) in a coherent state |a) as follows:

B ’&’2ne—|a|2

P(n) = |(n|a)|* o

(5.13)
The particle number operator is given by:
N =d'a
The mean particle number is thus given by the expectation value of the particle number operator:
(n) = (a|Nla) = (alalala) = |af? (5.14)
this is obtained using (5.1). Thus, (5.13) can be rewritten as follows:

Py < " (5.15)

n!
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Which is a Poissonian distribution. This represents the connection between the mean particle

number (particle view) and the complex amplitude squared (wave view).

5.1.4 Orthogonality of Coherent States

The scalar product of coherent states are given by:

(Bla) = (0|DT(B)D(a)| 0) = <0 ‘e—ﬁa*eﬁ*aew*e—a*a

0> ¢~3 (lo*+18P) (5.16)

The Taylor expansions of the exponentials el = (1 — Ba' + - ) and e %= (1-a*a+---)
annihilate the vacuum state |0). Thus expanding the remaining operators, we get:

<0‘(1+ﬁ*a+%(6*a)2+---) (1+aaT+%(aaT)2+---)‘O>
= (---+<2 lﬁ(ﬁ*)z+<1|ﬁ*+<on <|0)+a|1)+%@a2|2)+---) (5.17)

2!
Using the orthogonality of particle number states given by:

(nlm) = Snm
we get:
(8| a) = e~b(laP+18P) (1 CaB s % (@) + ) _ o~ 1(lal+181) +aB (5.18)
Thus the transition probability is given by:

[(Bla)[* = el (5.19)

This means that coherent states |a) are not orthogonal. They are only so if o — ] >> 1

5.1.5 Completeness of Coherent States

Coherent states are not orthogonal and they can be expanded in terms of complete set of states.
The completeness condition is given by the following:

l/d20z|oz)<oz| =1 (5.20)

™

The non orthogonality of coherent states leads to linear dependence of the coherent states, thus
the coherent states are ”overcomplete”.

5.1.6 Uncertainty Principle

The uncertainty principle is about the area in the phase space.
Considering two hermitian non-commuting operators A and B which are canonical conjugates

of the other for example [z, p|, that satisfies the following relation:

[A, B] = iC (5.21)
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where, C is also a hermitian operator.Then:
1
AAAB > 5](0)] (5.22)

Where
AA = \/(A%) = (A)?

and
AB = /{B%) — (BY?

The expectation values are computed with respect to the state |¥). This state |¥) is called a
minimum uncertainty state if

AAAB — %|<c>| (5.23)

Now, we consider a Harmonic oscillator. Thus, the position and momentum operators are given

by:
P= i\/g(cﬂ —a) (5.24)
Q= \/g(a + aT) (525)

We find the expectation values with respect to coherent states to be:
(@) = (alQla), (@) = (a|@?|a), (P) = (a|P|a) and (P?) = (a|P?|a) using (4.8).
We the can find the fluctuations of the position AQ) and momentum AP to be as follows:

AQ = (@Y —(Q)* = @ (5:26)
AP = /(P2 — (P)? = @ (5.27)

From the Heisenberg’s uncertainty principle we get:

and

AQAP = g (5.28)

which is the lowest possible value for canonically conjugate operators. Thus coherent states are
also known as minimum uncertainty states.

How the coherent states become squeezed states, that will be discussed in the following chapter.
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Chapter 6

Squeezed States

In the previous chapter, the coherent states and from (5.23) the criterion for a state to be a
minimum uncertainty state were discussed. It was seen that coherent states were minimum
uncertainty states.

From the previous chapter, we see that for two hermitian non-commuting, canonically conjugate

operators A and B, that satisfies the following relation:
[A, B] =iC
where, C is also a hermitian operator.Then:
1
AAAB > §]<C>|

Where
AA = /(A% — (A)
and
AB = /(B%) — (BY?
The expectation values are computed with respect to the state |¥). A state is called a squeezed

state if one of the observables say A satisfies the following:

(84) < ()P (6.1

and (5.23) from the previous chapter. Thus for squeezed states, the uncertainty is reduced in
one of the variables and amplified for the direction of the operator associated with its conjugate

variable. Pure coherent states |a) and number states |n) are not squeezed states.

6.1 Squeezed states

Squeezed state are two parameter coherent states. One is a displacement parameter and the
other is the squeezing parameter. They are obtained from coherent states by the application of

squeezing operator S(p). It is denoted by |« 9) which is obtained to be:

|, 0) = D(@)5(0)[0) (6.2)
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Figure 6.1: How Coherent and Squeezed states behave with phases of their respective parameters

where D(«) and « are the displacement operator and its parameter respectively. S(o) is the
squeezing operator and p is its parameter.
The displacement operator is given by:

D(a) = exe'=a"a = eglaPerten (6.3)
where o = se”eC. The Squeeze operator on the other hand is given by:
S(o) = 6%9*“2_%9(“”2 (6.4)

where ¢ = re®eC is the squeezing parameter. From the squeezing operator it is seen that it
is involved with the creation or annihilation of an even number of particles. The figure 6.1
represents the different forms of the squeezed state.

6.1.1 Properties of the Squeezing Operator

Using (5.4), (5.5), (5.6), we see that the squeezing operator is a unitary operator and satisfies

the following relations:
ST(0)aS(0) = acoshr — a'e® sinhr (6.5)

and
ST(0)a’S(o) = al coshr — ae™® sinhr = (ST(0)aS (o))" (6.6)

A Small Discussion

We consider an operator A and its unitary transformed operator B. They are thus related by:
B=PAP
where P is a unitary operator, thus satisfying:
P'p=pPpl =]

We can show that:
BB = PTAAP, BBY = PTAATP,B'B = PTATAP B'BT = PTATATP
and any other product involving more number of operators.
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6.1.2 Some Important Results

From the unitary nature of the squeezing and the displacement operators and their properties
(mentioned in the previous chapter), we obtain the following relations:

D'(a)aaD(a) = (a+ a)(a + a) (6.7)
Di(a)a'aD(a) = (a' + a*)(a + ) (6.8)
DY(a)aa’D(a) = (a + a)(a’ + a*) (6.9)
Di(a)a'a'D(a) = (a + a)(a + a) (6.10)

ST(0)aaS (o) = (acoshr — a'e® sinhr)(a coshr — a’e® sinh r) (6.11)

ST(o)a'a'S(0) = (a' coshr — ae™™ sinhr)(a' coshr — ae™ sinhr) = (ST(0)aaS(p))")  (6.12)

ST(o)a'a'S(0) = (a' coshr — ae™™ sinhr)(a' coshr — ae™ sinhr) = (ST(0)aaS(p))")  (6.13)

ST(0)aa'S(0) = (acoshr — a'e® sinhr)(a’ coshr — ae™™ sinhr) (6.14)

Similarly, such products of more number of creation operators a' and annihilation operators

can be formed.

6.2 Squeezed Vacuum

Squeezed vacuum is obtained when there is no displacement, only squeezing of the vacuum state
|0), which is given by the following:

l0) = S(0)[0) (6.15)

To show that Squeezed Vacuum is a Squeezed State

We consider the position operator X in terms of the creation and annihilation operator as follows:

1
X = E(ajtaf)

For this operator to show that |g) is a squeezed state, we need to show that (AX)? #
We know that

1
3

(AX)* = (X?) — (X)*

23



We find, from (6.15), that (X)* = 0. Now to calculate (X?) we use (6.5), (6.6), (6.11), (6.12),
(6.13) and (6.14) to obtain the following:

(015" (0)aaS(0)|0) = —e® sinh - cosh 7
(05T (0)ata' S(0)[0) = —e— sinh r cosh r
(01ST(0)a'aS(0)|0) = sinh?r
(0]S™(0)S(e)|0) =1

Thus, from these relations, we get the following:
1 . .
(X?) = 5(—625 sinhr coshr — —e™® sinhr coshr + 2sinh? 7 + 1)

For 0 = 0, we get:
1
(X?) = 5(—2 sinh 7 cosh 7 + 2sinh? 7 + 1)

For r > 0 (for non zero squeezing), we see that always
(—2sinh 7 coshr + 2sinh?r 4 1) # 1

Thus, from the above, we see that:
1
(AX)? # 3

Which shows that the state |p) is a squeezed state called the squeezed vacuum state.

Considering
1
P=——(a—al

we can show that the state |o) also satisfies the relation:

AXAP:%

Hence, we see that squeezed vacuum states and by extension, general squeezed states, are also

minimum uncertainty states, like coherent states.

6.3 Applications of Coherent and Squeezed States

In general, laser light is a coherent state with a very small variance in the photon phase of
photons and a large variance in the number of photons in a state. They are related by the

uncertainty relation:

ANAD > %

Coherent states are applicable in phenomena like quantum hall effect in which, the explanation
of edge states is made through coherent states.
Coherent states are also used as the complete basis states in loop quantum gravity.

Squeezed states are used to improve the sensitivity of measurement of devices beyond the
quantum noise limits. One such case is with the measurement of laser interferometers.[Sch17]
Two mode squeezed states can be used to make quantitative statements on the strength and

nature of correlation between systems.[BP91]
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Chapter 7

Semiclassical Gravity Theory and
Quantum Fluctuations: Part 2

7.1 Calculation

From the previous chapter, we have seen that a squeezed state can be expressed as:

v, 0) = D(a)S(0)]0)

where, the displacement and the squeezing operators are given by:

T % _ 12 aat —a*a
D<a):€aa ata _ o 3lal?e* e

S(o) = ehe e hete'”

where, o = se”7eC and p = re“¢C are the displacement and the squeezing parameters respec-
tively. From (3.19), we have the stress tensor to be:

Tog = Kap (—akakem — altalﬁew + aliak + akaD

Thus, with respect to squeezed states, in Minkowski’s space, the normal ordered stress tensor

becomes:
(: Tap 1) = (Tup) — (0|T0p0)

We, thus obtain the expression as follows:
(@, 0: Tag :| @, 0) = £ap(0] : (S'(0)D' ()
(—akakem —ajale® talay + akaf{) D(a)S(g)) :10) (7.1)
Using the previous discussion on squeezed states, we get the following result:
(a,0]: Tag :| @, 0) = 2kag (sinh’r + s*(1 — cos 2(y + 6)) + coshrsinhrcos(20 +6))  (7.2)

[KF93]
The squeezed vacuum as discussed in section 6.2 corresponds to a = 0 , o # 0 and the
phase can also be taken to be zero, that is 6 = 0. This state in fact is not the vacuum but

a superposition of an even number of particles. This is due to the even power of the creation
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operator a' in the squeezing operator.

The energy of the squeezed vacuum state thus becomes:
(a, 0]: Top :| @, 0) = 2k,p sinhr(coshr cos(260) + sinhr) (7.3)

The vacuum state corresponds to the r = 0, and thus the normalize stress tensor vanishes, that
is (: Tup :) = 0 . The squeezed vacuum, that is for r # 0, exhibits negative energy states. We
see that for a fixed r, as € goes from 0 to 27, the energy density becomes negative for a part of
the cycle.

Now, we find the expectation value of the squared stress tensor with respect to the squeezed
states to be:

(a, 0]t TagTu o] @, 0) = KoK
((O] : (ST(Q)DT(Q) (—akakem —alale® + alap+ akaD ((—akakem —alale® 4 ala, + akaD

D()S(e) - 10) (74)

Considering the properties of displacement and the squeeze operators and (6.7) to (6.14), the
above equation can be simplified to be:

(a, 0]: TagTpw :| @, 0) = 2kapkyw (s*[cos4(6 + ) — 4cos2(6 + )
+ 3] + 3s*{2sinh r cosh 7[2 cos(20 + § + 27) — cos(40 + & + 27)]
+4sinh® r(cos 2y — cos 20) — cos(d +27) } +
3sinh®r [cosh® r cos(40 + 26) + 3 — 4 cos(20)])  (7.5)

Again, calculating the same for squeezed vacuum, that is, with 6 = 0 and a = 0, we get:

(a, 0]t TagTuw i a, 0) = 2kapkyy sinh?r (2 cosh? rcos46
—8sinhr coshr cos(20) + 3 (sinh®r + cosh®r)) (7.6

[KF93]

7.2 Discussion

The amount of squeezing may be measured by the squeezing parameter |g| = r . When there is
no squeezing, that is ¢ = 0, the state gets converted to a coherent state. In this particular case,

we get:
Tap ()T () = (T (@) (T () = sty (cos4(8 +7) — dcos (20+27) +3) (7.7
Thus, From (3.28) we get, for a coherent state,
Ausl,9) = A = 0 (738)

From this criterion, we see that semiclassical gravity theory is a good approximation for

coherent states.
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From the squared stress energy tensor of the squeezed vacuum state given in (5.6), when
r =0, that is the vacuum state, we find (: Tog(x)T},,(y) ) = 0 as expected.
We, know that for coherent states, A = 0. For states sufficiently close to coherent states, A << 1.
As the magnitude of the squeezing parameter r increases relative to a, A also increases. We see
that as we squeeze a state so as to approach p = (: Tpo) < 0, we get A — 1.
Thus squeezed states for which energy density is negative, exhibit large energy fluctuations.
Hence Semiclassical gravity is not a good approximation for such states. [KF93]
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Chapter 8

Conclusion

In the previous semester:

This project required basics of classical and quantum field theory and some fundamental knowl-
edge of General Theory of Relativity. A considerable amount of time was spent in studying and
understanding the conceptual development of General Theory of Relativity up to the emergence
of Finstein’s equations through classical field theory. How the classical gravity theory transi-
tioning to the semiclassical theory for a scalar field in Minkowski’s space was also studied for a
number state. This was further explored for a two particle number state.

In the current semester:

Coherent and squeezed states, their operators and their parameters were defined and their prop-
erties were explored. The normalized stress energy tensor and the squared stress energy for
the coherent and the squeezed states were found. The compatibility of the semiclassical gravity

theory and coherent /squeezed states were discussed.

This calculation can be further extended to Casimir vacuum energy. Here, we can find that
the dimensionless Casimir energy density fluctuations are at least of the order of unity, which
would bring us to the conclusion that Casimir energy cannot be described by a fixed classical
metric. [KF93]
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