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ABSTRACT

This project report starts with giving a description of the Dirac equation, including an
account of Lie groups and Lie algebra, and the representation of Lorentz group. This
also includes a brief illustration of the Heisenberg picture. Then, a detailed mathematical
analysis on the Schwarzschild solution of the Einstein field equation is done. It involves,
first determining the characteristics of the spacetime interval of a spherically symmetric
and static field, and then using it to solve the Einstein field equations, by first evaluating
the Christoffel symbols, the Ricci tensor and the Ricci scalar from the metric obtained from
that spacetime interval. The metric obtained from the Schwarzschild solution will be used
to define the spacetime in which the electron accelerates.

Following the Schwarzschild solution, a comprehensive account of tetrad formalism is
done, while also exploring the transformation properties of the Dirac equation. This section
will specifically deal with how the tetrad formalism has been used to make the Dirac
equation, suitable for use in curved spacetime. Spin connection values for the spacetime
metric, that is used for determining the acceleration of the electron (that has been calculated
in the previous section using the Schwarzschild metric), have also been evaluated.

The final section of the report comprises, first of the reducing the Dirac equation that
consisted of a four-component spinor, into two equations involving two-component spinors.
It also consists of an account of the Lorentz transformation of the spin components, by
taking an analogy of it with the Lorentz transformation of the electric and magnetic fields.
Using this, the properties of the spin components have been determined. This is then
followed by using an iterative approach, in which the two equations obtained earlier are then
condensed into a non-relativistic Schrodinger-like equation, from which the Hamiltonian is
obtained and then the velocity and the acceleration of the electron is calculated.
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Chapter 1

Objectives

Quantum Field theory started with a set of theoretical rules that was built analogous to
quantum mechanics. It was one of the earliest attempts made to combine classical field
theory, special relativity and quantum mechanics. It has been used in particle physics to
construct physical models of subatomic particles, in condensed matter physics to develop
the models of quasi-particles, in the development of Standard models, etc.

In this project, I have made an attempt to understand how the Dirac equation was
developed from the representation theory of groups. Therefore, one of the main objectives
was to account for the nature of the Dirac equation, and what makes it unique and its signif-
icance in the realm of quantum field theory. I have also made an attempt in understanding
Lie groups and Lie algebra, as well as the representation of Lorentz group.

Another objective was to find out how the Dirac equation can be used to find the accel-
eration of an electron in curved spacetime. Thus, an elaborate study on the Schwarzschild
solution of the Einstein field equation, which approximately defines the spacetime around
slowly-rotating objects like planets and stars, and the Tetrad formalism was to be done.
The final objective was to compare the result obtained using the analytical calculation of
the Dirac equation, and the result obtained in the case of Newtonian gravitation.



Chapter 2

Introduction to Dirac Equation

2.1 Heisenberg picture
The Schrodinger picture allowed us to implement translations quantum-mechanically, using,
U(a) _ e—iaup#

The above operation is Hermitian and unitary.
In the Heisenberg picture, the operator is defined as,

Oy = et Oe~ it (2.1)
Now, differentiating the equation (2.1)) with respect to ¢,

Aoy d(eHtOe )

dt de
= i[H(’)H — (’)HH]
dOx .
Tt Z[ ,OH]

In Heisenberg picture, the commutator relations between the field operator ¢(t,x) and its
conjugate canonical momentum operator 7 (t,x) are as follows,

[6(t,%), (1, y)] = [7(t, x), (¢, y)] = 0

We have used time as an argument in ¢ and m, since we are in the Heisenberg picture. In
Heisenberg picture, it is easier to describe spatially local processes since the field operator
¢(t,x) is defined at a point in spacetime. Now we define the equations of motion for the
spatially local operations, ¢(t,x) and 7(¢,x) as,

do(t,x)
dt

= i[Ha ¢(t7 X)]

_i 3ol m?(t.x! <))+ m2e%(t, X' X
_2[/61 (t,X) + (Vo(t,x))? + m2e*(t,x), 6(t, )

where the Hamiltonian,

H= /dgzv'WQ(t,x') + (V(;S(t,x'))2 +m2p?(t,x')



corresponds to the Hamiltonian of the single free field ¢(¢,x). Since ¢(t,x’) and ¢(t,x)

commute with each other,

[(Votx))%, 6(t,%)] = [6(t,%), 6(t,%)] = 0
Then, the above equation becomes,

= —i/d3$'7r(t,x')i63(—x +x')
= m(t,x)
Further, if we try to find the derivative of 7 (¢, x),

d(7(t,%))

¥ = i[H,7(t,x)]

_; / P [0, X) + (Vo(t,3))* 4 m6 (1, X)), 7(1,%)
Since 7(t,x) and 7(¢,x’) commute with each other, then,
[72(t, %), w(t,x)] =0
d
g (”ng ) / a* [ (Vo(t, %)) + m?62(tx), w(t, )|

= —/d?’:p’ [ng(t,x’)V((S?’(x' -x))] - m2/d3x’¢(t,x)63(>{' - X)
= [Vgi)(t, x')V (8% (x' — x))‘

—00

= V2¢(t> X) - m2¢(t7 X)

But from equation ,
d(n(t,x)) _ d2(6(t,x)
dt dt?
Equating equation and equation and rearranging, we get,

d2
<dt2 — V2> o(t,x) + m2¢(t,x) =0

or, 0"0,¢(t,x)+ m2p(t,x) =0

The above equation is called the Klein-Gordon equation.

2.2 Lorentz Invariance in wave equation

(2.2)

+ /d?’x’ [V2¢(t,x’)(53(x' — x))] — m2¢(t,x)

(2.3)

(2.4)

If ¢ is a field or a collection of fields and D is some differential operator, then if ¢(x)
satisfies the equation D¢(x) = 0, and if we perform a rotation or boost to the frames of
reference, and then if the new transformed field in the new reference field satisfies the same

equation, then D¢(z) = 0 is said to be relativistically invariant.

An equation of motion is Lorentz invariant, if it follows from a Lagrangian that is a Lorentz



scalar. This is a result of Principle of least action.
Consider an arbitrary Lorentz transform as,

at — P = AF

Where A is a 4x4 matrix.

Consider ¢(x) as a local value of some quantity distributed through space. Let the field,
¢(x), have a maximum value at z = xg.

After Lorentz transformation, the new transformed field will have a maxima at x = Axg.
The field will transform as,

¢(x) = ¢'(x) = p(A™"2)
We will now, consider the Lorentz transformation of Klein-Gordon Lagrangian,
1 2 1 5.
L= 2(@@) 2m ¢

The mass term will transform as 3m2¢*(A~1z).
The 9,¢ will transform as,

Ouo(z) — 8M¢(A’1x)
Now,
dp(A~ 1)
ox'v

But 2/* = A¥,z¥. Therefore, we can write the above expression as
M M

8ﬂ¢(A_1x)

0,6(0) = 0, (0(a12)) = (A7), 2 )

= (A7) (0v9)(A"a)

The kinetic energy term in the Klein-Gordon Lagrangian transforms as,

2

0uo(@)* — [0u¢ ()]
= g"[0ud ()] [00¢' ()]
= [(A)",020] [(A7)°,050] (A712)
= 9°7(000)(950) (A"')
= (0u0)* (A7)
Thus, the Lagrangian transforms like a scalar,

L(z) = LA z)

Therefore, the Klein-Gordon Lagrangian is Lorentz invariant. The Action, .S, is also Lorentz
invariant. It is defined as,
S = / Ld*x

The equation of motion corresponding to the Klein-Gordon Lagrangian is also Lorentz
invariant. The Klein-Gordon equation of motion is given by,

(0% + m?|¢(z) =0

9



The transformed equation of motion can be written as,

[0% +m?]¢/( " 0,0, —}—m]qS(x)

=g
{ p(b( 1) v
P70,05 +m?|$(A ™ z)

~ g
= [0 + m?o(A ")

Here, we have considered the transformation of a single component scalar field, ¢. In
case of a multi-component field, the transformation becomes more complex. The most
familiar is the vector field like 4-current density, j*(z) or the vector potential, AH(z).
Here, orientation of the quantity in spacetime must also be boosted. Tensors of arbitrary
rank can be built out of vectors by adding more indices and corresponding more factors of
A in the transformation law. In general, any equation in which each term has the same set
of uncontracted Lorentz indices will be Lorentz invariant.

Thus, tensor notation gives a large class of Lorentz-invariant equations. To find them, we
can consider all possible transformations of a field. For simplicity, we will consider linear
transformation. So if ®, is an n-component multiplet, the Lorentz transformation will be
a nXn matrix,

0o +m?| $(A 1)

Do) = My p(A N

This can be simplified as,
d — M(A)D

Now, if we consider two successive Lorentz transformation A and A’, the net result must
be another Lorentz transformation, A" Thus, Lorentz transformation forms a group. This
condition must also be satisfied by M(A), that is,

& — MAYMNMN)® = M(A")® (For A" =A'A)

Therefore, the correspondence between M and A must be preserved under multiplication.
Here, M must form an n-dimensional representation of Lorentz group. In a continuous
group, transformations that are infinitesimally close to the identity define the Lie algebra
of the group. The Lie algebra is a vector space and the basis vectors spanning this vector
space is called the generators of Lie algebra. By finding the matrix representation of the
generators of the group, we can find the matrix representation of the continuous group.

2.3 Lie Groups and Lie Algebra

The main idea in Lie algebra, is to study a continuous group that depends on a parameter
(considered to be a manifold structure) is to study symmetries in the group, very close
to the identity, and use these elements to describe larger elements, by exponential. Here,
we suppose the group to simultaneously be a manifold and that the group operations are
continuous. There will be a distinguished point in this manifold representing the identity
(since all groups should have an identity). The operations occur via multiplication,

gXxXh—g-hV¥g,h e M
These operations are continuous, including the inverse operation,

g_IXg%]I

10



Let us consider the following manifold,

9iesp manilo) | M

Figure 2.1: Sketch of a group manifold with identity I and an element of the manifold g.

The theory of Lie group representations is to study elements very close to the identity.
So we consider a tangent plane to the identity and study the group elements within the
infinitesimal small neighbourhood of I. Taylor’s theorem states that the closer we get to I,
the better is the tangent plane approximation to the manifold.

g—1~0()

Where, ¢ is infinitesimal and g € M, and is infinitesimally close to I.

The space of such infinitesimal elements is considered to be the Tangent space, Ty M. This
is a linear space, and is called Lie Algebra. Any element of Ty M determines an element of
M. In other words, an algebra structure on the tangent space gives the Lie group structure
and vice-versa. The basis vectors for TgM is X7, j = 1,2,3, ..., dim(M).

Let X € TyM. Then we build I 4+ eX ~ X € M (upto O(e)). Here, I + €X is an
element of the first group upto the first order. Since multiplication is continuous, we can
define,

S n
gs) = (14 2X)
n
As n becomes bigger, 2 — € and it becomes an element in a Lie group.
o.g(s) = lim (H—i- EX)n — 53X
n—00 n

Thus, every element X of the tangent space of I, determines, by the repeated product of
(]I + %X)n, an element of the Lie group.
We will now find an algebra structure in the tangent space. Since M is a group, we know,

[9,h] = ghg™'h e M (2.6)

Thus, [-,+] : M X M.
This is called the Lie bracket and this mapping turns the tangent space into a Lie algebra,
and [[,I] =I. Also, [-,+] : TM X TiM = TiM.
Now instead of g and h, we substitute (I 4+ €A) and (I 4 §B), respectively.
[(I4+€A),(I4+6B)=(I+eA)(I+6B)(I—€eA)(I—-B)
=1+ e§(AB — BA) + O(¢*) + O(6?)

We learn that, [A, Bl = AB — BA € TiM.

11



2.4 Infinitesimal Lorentz transformations

The infinitesimal Lorentz transformation is written as,
A#ll = 5uu + wuu

Here, w",, is the infinitesimal factor, and A", is the infinitesimal Lorentz transform which

satisfies the relation,
ATnA =7

Where, 7 is the Minkowski metric. Therefore, we can write the above expression using the
infinitesimal Lorentz transformation as,

(6#0' + wua)na‘r((SVT + wy7'> = 77’“/
Wt 4 VR 4 nUTwungT -0

H f

Since w",, is already infinitesimal in its own accord, we can ignore the n°"w",w",_, and we

can write,
wh” + W™ =0 (2.7)

This implies that w” is anti-symmetric. Thus, w*” will have 6 independent degrees of
freedom, or, 6 infinitesimal symmetries, or, 6 conserved currents.
The infinitesimal Lorentz transformation of a field is given by,

d(x) — ¢ (x) = qS(A*lx) = ¢(zt — wh,a")

2.5 Lorentz group
The Lorentz group is defined as,
G= {A‘nlwAupAVU = npa}

Where, A is a 4x4 matrix called the Lorentz boost metric.
The tangent space to the identity of this group is,

TG = {w|’7;w (T+ ew)g(]l + ew)l = npa}
= {w’w’w = _WW}

Note that the w*” is an anti-symmetric matrix with covariant indices.
We choose the basis, ‘J4’ for the tangent space, such that,

-t

A=1

The index A can be changed to a double index po such that 0 < p < ¢ < 3. Thus, the
elements of this space can then be explicitly written using this basis as,

HG == {(JJ'(JJ = Z ;Qpajpg}
po

Where,
7Y, = P8, — e, (2.8)

12



And J*? is called the Generator of the Lorentz group.

The Generators of boost are J!, J%2 and J%. Exponentiating these generators will give
us a 4X4 matrices that are pure Lorentz boost. The other three remaining generators
are generators of rotation, J'2, J'3 and J?3. Exponentials of these generators will give us
4x4 matrices that give rotation. Exponentiating any six of these generators or its linear
combinations, we can get any Lorentz transformation.

The Lie bracket for the generator of this group is given by,

[Jpcr7 JTV] — nUTJpI/ . inJcrz/ + 77TZ/J0'T . naquT

2.6 Representation of Lie groups

The representation is a linear map from the tangent space of the identity of the manifold
to the bounded linear operators of a Hilbert space, H.

m:hGM — B(H)
In which the following property of Lie bracket is observed,

[r(z), 7(y)] = m([z, y]) (2.9)
We got a representation of M via exponentiation:

(g = e*X) = (=) (2.10)
Therefore, we can focus on this Lie algebra of the group, which is a linear space and try and
find the matrix representation of the Lie algebra such that they follow the property given
by equation (2.9). Using equation (2.10)), we can then, directly get the representations of

the group.

2.7 Dirac Equation

We, now try to find the finite dimensional representation of the Lorentz group, using a
method devised by Dirac. Suppose we had a set of four nXn matrices, called v*, that
satisfies the following anti-commutation relation,

A =AM+ = 29" X uxn (2.11)

Here, the anti-commutator brackets {-, -} are referred to as the Dirac algebra. Using this,
we can write the n-dimensional representation of the Lorentz algebra (or the Lie algebra)
as follows,

/)
S = 11#,7"] (2.12)

For the case of the three-dimensional Euclidean metric, the anti-commutator of the Dirac

matrices becomes, o o o y
(v} = i2 (c'0? + o’0") = —26"

where the Dirac matrices have been defined using the Pauli matrices o7, as follows,

N = ig)

13



So, the matrix representation of the Lorentz algebra (two-dimensional representation) of

the rotation group is given by,
S
S — 76’ij'0,k
2
where, €% is the Levi-Civita symbol.
For the case of four-dimensional Minkowski spacetime, there are four 4 x4 unitary matrix
representations of the Dirac algebra. The matrix representations are,

@Y (%)

The matrix representations in these 2Xx2 forms is called Weyl representation or Chiral
representation. The generator of boost under this representation is given by,

7 i )
s =[]
= 10" =]
_if0 IN( 0 o\ [0 o\(0 1
T 4(\1 0/\—=0c" O —d* 0)\1 0
= %Z <JO _%l) (= JY found in Lie algebra) (2.14)

The generator of rotation in this representation is given by,

[ ]
U o
(o ) 9= 9 7))
(el 0

4 0 [a , O ]

Now, the commutation of the Pauli matrices is given by the relation,

“a,
<.
!

.

2
)

RSP

[ai,oj] = 267k gk
Therefore, the generator of rotation becomes,

k
S = %eijk (JO J()k> (= J*? foind in Lie algebra) (2.15)
A four-component field ¢ that shows boosts and rotation transformation like equation
and equation , is called Dirac spinor. Here, the boost generators S% are not
Hermitian and thus, boost implementation is non-unitary. In fact, since Lorentz group has
an unbound manifold /non-compact topology, it will have no faithful, finite-dimensional
representations that are unitary. But since 9 is considered to be a classical field, it is not
an issue.

The transformation of the Dirac spinor is as follows,

b TSy

14



The equation (2.14]) and equation (2.15]) represent the transformation laws for .

The Klein-Gordon equation is also appropriate, in the sense that the transformation equa-
tions (]2.14[) and (]2.15[) operate only in the internal space and moves out of the (82 + mQ)
term. But from an another property of v matrices, we can write another first order equation
that implies to Klein-Gordon equation as well as with more information. Now, consider
the commutator,

1%, 8%°] = (%), 7" (2.16)

The above can be equivalently be written as,

. . . u
? g ? g ? g v
(1 + iwpaSp )’y” <1 - §wp08” > = <1 - pron > v (2.17)

If we consider the above transformation to be infinitesimal and let,

Ay =exp (—;wu,,S“”>

Where, A, /2 is the Lorentz transformation for Dirac spinors. Also, we consider the follow-

ing,
{ -\
AP = exp<—2wpajp )

Where, A*, is the ordinary Lorentz transformation. Then, equation (2.17)) can be written
as,

A*ll/Q,y,LLAl/2 = A'LLV’YU (218)

The Lorentz transformation of four-y matrices transform like the Lorentz transformation
of a 4-vector. Here, A/, is called the spinor representation of the Lorentz transformation,
A. From equation , we can say that the v matrices are invariant under simultaneous
rotations of their vector and spinor indices, and thus, 4#d, is also invariant. Keeping the
above transformation properties in mind, the Dirac equation is given by,

(iy"0y —m)y(x) = 0 (2.19)

where, in the Dirac equation, (iy*0, —m)y = 0, iy*0, —m are 4X4 matrices of partial
derivative operators.

15



Chapter 3

Schwarzschild solution to the
Einstein Field Equations

We will now be migrating to describing the curved spacetime, which will be used to de-
termine the acceleration of the electron. Here, we consider the electron to be moving in a
spherically symmetric and static field. This field is best represented by the Schwarzschild
solution to the Einstein field equations, and this solution is a useful approximation that de-
scribes the spacetime around many planets and stars, including the Earth and the Sun. This
chapter will consist of describing in detail, the mathematics involved in the Schwarzschild
solution, including the determination the nature of the spacetime interval, the calculation
of the Christoffel symbols, and obtain the Schwarzschild metric using the Einstein field
equation. A later part of the chapter will involve the conditions and approximations that
are to be imposed for the electron in the spherically symmetric and static field, and modify
the metric accordingly.

3.1 Weak Equivalence principle and Strong Equivalence prin-
ciple

The Weak Equivalence principle states that “all objects must fall at the same rate in a
uniform gravitational field, and is independent of its structure and composition.”

The Strong Equivalence principle states that “the laws of Physics must reduce to those
of special relativity inside a local freely falling frame of reference.”

3.2 Spherically symmetric and static field

Here, we will consider the gravitational field surrounding a spherically symmetric mass
distribution that is at rest. This gives a gravitational field that is spherically symmetric.
We will also require that the gravitational field to be static, that is, it is to be invariant
under a time reversal (time independent and time symmetric).

For the case of spherical symmetry, we will use spherical polar coordinates t,r, 0, ¢. In
the start, we will consider r to be the parameter that identifies different spherical surfaces
that are concentric with the origin. As r — oo,the space becomes flat and the increments
in the values of £ and r should be equal increments in true time and distance respectively.

We will also include the rectangular Cartesian coordinates t,x,vy, z that are related to
the spherical polar coordinates t, r, 8, ¢ in the usual way. This is to find the restrictions that

16



the static nature and spherical symmetry brings to the spacetime interval. In particular,
the static character does not allow the terms dxzdt,dydt, dzdt in the spacetime interval,
since a time-reversal would imply t — —t and thus these terms will switch signs, and hence
it is the case of non-static. The remaining possible terms are then dt? and dz'dy’, with
i,7 € (1,2,3).

If we consider spherical symmetry, the terms in the spacetime interval must be such
that they remain invariant under rotations. From z,v, 2z, dx, dy, dz, the combinations that
satisfy this condition are,

(2? + 92 + 22)%
dz? + dy? + dz?
xdz + ydy + zdz (3.1)

or their functions. The polar spherical coordinates and the Cartesian coordinates are
related as follows,

x = rsinf cos ¢
y = rsinfsin ¢
z=rcosf (3.2)

Thus, the first expression in equation (3.1)) becomes,

1 1
(ac2 + %+ zz) 2 = [r2 sin? 0 cos? ¢ + 12 sin® O sin? ¢ + 2 cos? 9] 2
r

The second expression in equation ({3.1]) is the same as the differential line element length,
di?. In the spherical polar coordinates, the differential line element length is given by,

di? = dr? + r2d6? + 12 sin® 6d¢>
Now, to obtain the last expression in equation , let us consider the following expression,
r? = o +y? + 22 (3.3)
Differentiating the above expression, we get,
2rdr = 2xdzx + 2ydy + 2zdz

= rdr = zdz + ydy + 2dz (3.4)

Thus, equation (3.1) becomes,

r
dr? + r2d6? + r?sin? 6dp?
rdr (3.5)

Here, the first and the third expressions in the above, contain only r and since a rota-
tion does not change the value of 7, those two expressions are invariant under a rotation
transformation. The second expression represents the square of the differential length of
a line element, which should remain invariant under a rotation. Hence, the expressions in
equation and in turn expression are invariant under rotation transformations.

17



The spacetime interval can be considered to be of the form,
ds? = X (r)dt* — Y (r)(dr* 4+ r*d6? + r* sin® 0d¢?) — Z(r)dr? (3.6)

with X (r), Y(r) and Z(r) being functions of r only, that need to be determined. The reason
why we only consider them to be functions of 7 is because # and ¢ are unambiguous and
measuring these coordinates depends on how we can divide the circumference concentric
with the origin into equal parts, and this does not require any prior knowledge of the metric.
However, in the case of the radial coordinate r, it is necessary to know how it corresponds
to the distance measurement, and is ultimately needed for the metric. As a result, we
need to find its correlation with distance and hence, r will be used as a parameter. The
functions, X (r),Y (r) and Z(r) can be determined using Einstein equations. For this, the
equation can be further simplified by defining a new radial coordinate,

v =rY(r)0 =0;¢ =@t =t
Hence, the spacetime interval becomes,
ds* = X'(+") at* — Y (r)dr? — Y (r)r2d6? — Y (r)r? sin? 0d¢? — Z(r)dr?
= X'(r") ar’ — Y'(r") dr'? — 1?40 — r*sin 0’ d¢'” (3.7)

The second step in the above equation is obtained after combining all the terms involving
dr’?. Tt is to be noted that the functions X’ and Y’ can be written in terms of X,Y and Z.

Furthermore, the unknown functions can be written as exponential functions. Removing
the primes in the equation , we can write the following,

ds? = e"Ma? — QM dr? — r2de? — 12 sin? Odp? (3.8)
In terms of metric tensor, the spacetime interval is written as,
ds? = g, dads” (3.9)

Comparing equations (3.8)) and (3.9), we get the metric tensor to be,

P 0 0
0 —e?t o 0
Juv = 0 0 —7'2 0 (310)
0 0 0 —r?sin®f
The corresponding metric tensor with the indices raised is as follows,
e P 0 0 0
0 —e @ 0 0
p _
g 0 0 B %2 0 (3.11)
0 0 0 —w7s

The unknown functions are evaluated using the Einstein Field equations. In order to do
that, we first have to evaluate the Christoffel symbols, which are defined as follows,

1 [99ax | 9g98x  Ogag

" .=
ap = 39 ozh Oz oz

(3.12)

with the following property being satisfied,

re =1

af Ba
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0
For I',

0
For I'y,,

0
For I'V,,

0
For I' s,

0
For I i)

If i # j, then g;; = g%

o _ L on[990n , 990n gm0
00 =59 | 020 920 9z}
1o D (eQ)

100 | 8(QQ(T))
- §g oxY

o _po 1 ox[d90n , 9g1n  Oguo
or— = 107y oxl 029 Oz}
1 0Q
— Q
2e [ o +0-— 0] 0
10Q
[ =T = > or
1 Ogox | Og2n 9920
0 0 X
FOQ*PQO*i [8x2+8x0_8x)‘
_ 1 ow[09 9gx
2 00 ot
[ =T =0
L ox[9g0x |, 9g3x 9930
0o _ 1 ox[990x 3M
F03—F30—§g {6&3 Gxo_axA]
. 1 00 8GQ 6g30
=39 [ o6 "ot 0
FO03 - FO30 =0

ox|9gix | 99 _ 9gij
dri ozt Ozt
00 [391'0 dgjo agij:|

oxJ ozt 0z0

=0.

L0 e - .
- TV =0 (only if i # j)
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If i = j, then,

1 Q 89@0 8911
= —e
2 (9:6Z 920

1 Q dg;
_ = [
=—e [0 v ] 0

Thus, we can write, in general,

1
Now, for I'*y,

o 9" [ 990 n dgro  9goo
00 2 | 020 920 Oz

11 Q
g Oe
=L lo4+0- "=
2 [ + aor ]
_ [ N0Q
2 or
! eQ_Paﬁ
00 2 Or
For Floi,
Pl =Tl g1A dgor 892'/\ dgoi
0i 9 i o A
2 | Ot 8:60 ox
_g" 3901 L 99
2 83;0
e 692‘1
0xY
If ¢ =1, then,
e " Togn
My =Thy=—|2-| =
If i # 1, then,
—P —8 .
rto—rt —_% |9 _
02 20 92 at

Pll() = Flzo = Fl30 =T 01 = =r' 02 = 11103 =0
Now, for Flij,

*MOgin | Ogix g
OxJ = Ox'  Ox?

[8911 0951 agij:|

ozJ ozt  Ox!
e P Toga n g 0Ogij
- 2 | OxJ ozt Oxl

If i # j, then g;; = gij = 0, and this implies,

P 1oy, 09;
1 gi1 9j1
=773 {ﬁxj—i_@xi]
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For i =1 and j # 1 (or vice-versa), we have 34

Now, for i # 1 and j # 1, then 2% = %gwjf
o T, =0(fori#1and j#1)

Now, for ¢ = j, we have,

1
Now, for I''ss,

2
For I'%y,

For the case of FQZ»O = F%i,

991 — (). Then,
_P
1 e 09| _
B =0, and,

-P
1 _ ¢ dg9i _ 0gii
P = 2 [2 oz’ 8:51]
-P
1 e g dgn
M 2 [2 or or ]
L Il
N 2 or
10P
1 —_
= 2 Or
-P
1 e g Ogae
2 2 [2 o0 or ]
e P o)
N 2 or
F122 - —TG_P
-PT 0o 0
rt. — _° 90931 _ 0933
33 2 { ) or
B e P 8(—7“2 sin2 9)
2 or
oDl = —rsin? e "

2 _ g* [890/\ dgxo0 8goo}
0= "5 -

2 | 020 920 92
_ 97 [0902 | Og20  0e?
2 | ot ot 00
22
_9 _
=2 [0+0-0
2. T2 =0
2 _ g* [0gin | 9gro  Igoi
072 | 920 T 9zt 9z
_ 9% [0gi2 , 0920  9goi
2 [020 Ozt Ox?
_ ﬁ [0gi2
2 |0z
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For i = 1,2,3, 2%2 — 0.

» B0

I‘210 = I‘220 = I‘230 = I‘201 = I‘202 = I‘203 =0

For T,
2 _ g* [0gin _ Ogxi  Dgij
S 2 | 027 oxi Oz
_ ﬁ Og9i2 0925  0gij
2 | 0zd oxt Oz

If i = j, we have,

=27 Ha; Oa.;
2. — r- 9 912 _ 9Gii
" 2 [ dzt Ox?
Ifi=1,
-2
o °[,9912  Ogn
o= 2 [2 Ozt 8:(}2]
-2
”
=50
F211 - 0
If i = 2,
-2
2 __r- 9922 _ 9922
= 2 [2 dx?  0x? ]
_ ol
2 90
I =0
Ifi = 3,
-2
2 _ T "[y0952  Ogss
P = 2 [2 ox3  0x? ]
2 d(—r?sin?0)
o2 a0
1.
= —5[2sm90059]
. T2, = —sinfcosf

In case of i # j, we have %ig = 0, since for any values of ¢ and j satisfying the mentioned

condition, we are considering the non-diagonal components of g;; which is always 0.

-T2 _922[3922' 392]}

U2 | 9ad 0 Oxf
If i =1 and j = 3 or vice-versa, then g13 = go3 = 0. Then,

F213 = F223 =0
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If i =2 and j = 1 or vice-versa, then,

22
P2y =T%, = 97 [29521 + gg;f}
1 [o(—r?)
22 [ or }
T2y, =12, = !
r
If 1 =2 and j = 3 or vice-versa, then,
22
F223 = F232 = 97 [%g;gl 88996212}
1 [o(—r?)
T2 [ 90 }
2 T2 = T2 =0

3
Now, for I'?,

3 9" [9gx0 | 9gor  goo
07 2 [ 929 " 920 9z
_ 910930 , 9903 Igoo
2 [ 020 920 923
1 orN
2r2sin® ¢ [ * 0P }
F300 == 0

For the case of FSOi,
3 _ g [gxi | Bgox  goi
007 2 920 9zt 02

But for ¢ = 1,2, 3, gi";' = 0, and hence,

3 _ g% [9g3i _ Dgo3
0 2 | 0z0 ozt
_ 1 093
2r2 sin2 6 ot
FSOZ' — O

= 11301 = 11302 = 11303 = Fz)’10 = ngo = Fz)’30 =0

For the case of F3Z-j,

. =2 _
B 2 | Oxd ort Oz

Jg3i  Og3;  0Ogij ]

g [89>\i dg»j 692&}

g%
T2 [ij dxi Oz’

Let us consider the case where i # j. If ¢ = 1, j = 2 or vice-versa, we have g3; = g3; = 0.

Also, gi;; = 0. In that case,
F312 = F321 =0
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dg3s 8(—r2 sin? 0)
oxd Oz :

Now, let i =3 = j =1,2. As aresult, g3; =0, and

dg33 d(—r?sin? 0)

— —9rsin?
— 9l 5 rsin” 6
dgss 8(—r2 sin? 9) 9 .
= = —2
92 20 r“sin 0 cos 6

-1“3.4_89733 9933
W92 | 0ad

33
3 3 97 [0gs3] 1 Lo 1
T =T = 2[ or ] N 2r251n29[2rsm 9} T
33
g’ [ 0933 1 :
F323 = F332 = 2[ 20 ] = 572 s [27"2 sm@cosﬁ] =cotf

Now for i = j,

o g% 5093 0gii
i ) ot ox3
But, gg;g = %q(;; = 0, since none of the elements in the metric tensor depend on ¢. Now,
931 = 932 = 0 In case OfZ - 37 we get7

8g33 o (9(—r2 Sil’l2 6)

o3 9o =0
%g;’j —0 (fori =1,2,3)

— an‘ — O

Fgu = F322 = Fg33 =0

3.3 Evaluation of the Ricci tensor and Ricci scalars
Now, the Riemann tensor is given by,
R = %0 = T + 17510 = 75,1, (3.13)
The Ricci tensor is obtained by the contraction of the Riemann tensor as follows,
R/BU = Raﬁua (314)
Thus, using equation (3.13]), we can define Ricci tensor in terms of Christoffel symbols as,

Ry, = _Faﬁu,a + Faﬁa,u + Faﬂaravu B Faﬁuraaa (3.15)
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The elements of the Ricci tensor will be evaluated now, using the Christoffel symbols we
had previously evaluated. Now, Ry will be,

Ry = — 1—10100,04 + I10“004,0 + Fo-OozFaa'O - IVj.OOFOlz)'oz
== F001,0 + Fl00,1 + T T 0 + T%: T 00 + Tool %01 — TMoo (FOIO +T + T+ F313)
__ 9 <18Q6(Q—P)> L9 <1 ‘9@) L Lol Q@-p) | 199 -n)1 09

Cor\20r ot\2 or 22 0r 2 Or 2 Or
_10Q o-p|loQ 2 10P
2 Or 2 Or r  20r
2 2
__L9Q o-p)| _10Q (@-p)9Q 0P 1(0Q) @-p) _10Q (o-p)
2| Or? 2 Or or or 4\ Or r Or
_19QIP (o-p)
4 Or Or

_1PQ 1/0QN®  1(0Q\ (0P 10Q
20r2 4\ or 4\ or or r or
For the case of Ry,
Roi = =T ;0 +T%a,i + T70al % = T70:1 %0
= —T%; 0+ T%a; + 700l + T T =T,
0

T ot <F00i> + 1% + Tlool% + T T = D70 1%,

Now, %(Fom) =I1%,; = 1), = I‘loi = 0. Thus, Rgy; becomes,

oo Rop = 17,1,
But for i = 2,3, I'?; = 0, and thus,
. Ro2 = Ro3 =0
Now, for Ry1, we have,
Ry = -9, 1%, , = —I%,T%, =0

Since I'*;,, = 0. As a result,
SRy =0
Now, consider the purely spatial components of the Ricci tensor, R;;,
Rij =T%; 0 —T%a; + %1% = T7;1%,

10,7

If ¢ # j, then the I'*;; components that give non-zero values are 2, T2, T3, T3,
F323, F332. And hence, for Ris = R,

— R ple (6% loa « g 107
Rig = Ro1 =I5 o = T4 0 + 1710150 =171,
_ 12 0 1 2 3 o 0 loa 1 o 2
=90 =T = Ti10 = T90 = T30 + 1701 6o + 1711 o + 19101759

+ 1731 = T2 51,
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Here, F212’2 = I‘Om2 = F111’2 = F21272 = F313’2 = 0, and the above expression reduces to,
0 10 1l 2 2 3 13 2 13
Rig = Ry =171 g + T4 T pp 4+ T7 010 4 173155 — I3
Furthermore, ', = 'Yy, =%, = 0. Thus, B2 = Ro finally becomes,

Rip = Ryy =T 3%, — 12,1,
_cot 6 cotf
o T T

R12 = R21 =0

Now, for Rq3,
Riz3 = R31 =I'%3, — %43+ T7,1%3 — 1731,
:F313,3 —T%3+ [0, T%s + T oD% 4 T2 T%;3 + T2 T %, — [%51%,
However, F31373 =T%,3=0%;=0. And as a result,
Riz = Rgy =T 31% 5 + T2 300 + T2 Dy + T2 15055 — T2 5[ D055 + T0%0 + Ty + 1%,

Here also, we have, I'l;; = T2, =13, =13, =33, =%, =T, =2, = 0. Thus, the
above result becomes,

R13 = R31 =0
NOW, for R23 = R32,
Rz = Rga =I"%3 o — %4 5 + T79,1%5 — T7931%
:F323,3 —T% 5+ [0l 5 4+ T T 5 4 D991 5 + D793 g — T95T%
Now, here, F323,3 =1I"%, 3 =I'75 = 0. Therefore, the above expression modifies to,
Ryg = Rap = Iy T g 4 T1gpl % 3 4 T253T %55 — TP [Foso + T, + T, + FS33]

Here, also, we have, F123 = F213 = F333 = F030 = F131 = F232 = F333 = 0, and hence, the
above expression yields,
. Ro3 = R33=0

Thus, in general, if ¢ # j, we have,
Rij =0

Now, if ¢ = j, then the Ricci tensor can be written as follows,

Rij = —T%; 0 + T%q i + T71% = T7:1%,
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Let us evaluate for ¢ = 1,2, 3, individually. So, R1; becomes,

Rip=—T% o + %01 + T71% =171 1%,
== Flll,l + [Polo,l + Flll,l + 11212,1 + Pz13,1} + 7000 + T T + D702, + 1751
-y,
— 861 B%l:] + ; B%? + ;(Z]: + 2] + 1000 + T Ty 4+ T2 T2, + T2 50
10P[10Q 10P 2
a 287“[ 2 Or 3 2 Or ]
10°P 10%°Q 10°P 2 0Q
202 T2ae T29m T 2 <8r>

() )
() 3)
(G 6

Now, for Rao,

Rog = —T%g o + 1% 0 + 17,0 = T,
== I‘122,1 + I‘323 g+ D900 g + D7y T g + T9o1% 5 + T3 5 — 7,1,

9 ?
= — - (—rel™) 4 5 (c0t ) + T2 Tl + Ty + Tyl

+ re= B%? ;?9]:—1—2] (Here, I'95 = 0)
:e(_P)—re_P(Z—f—CSCQQ—i-;(—re(_P))+(—re( ))1+cot20+re( P) ;88?4—%%*]:—1-%
—e(=P) _ pel= )%—f—l—e( P)—e(_P)—i—Te;maag+re(2P)%P+2e( P)

e[ (02 0PY]

For the case of R33, we have,
Rgz3 = —T%3, + 1%, 3 + [75, %5 — 7331,
- [F133,1 + 1ﬂ233,2] aa¢ (Fa:aa) T T g + T551% 5 4+ T733T% 5 — DlggD, — T233T%,
[887" (rsm fe~ )) + sm0c039 } + 04+ T3 Ty + T35,T 2%, + Ty T3 + T25,T5,,
P

— Ty + Ty + F212 +T213]) — T%33 [0 + Dy 4 T2y 4 T3]
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But, I'%, = T'Yy; = I'%, = 0. And therefore,

P
R33 =P sin20 — e~ Prsin? 0 <aa > +cos? 0 —sin?0 — =P gin? 0 — cos? @ — ") sin? 0
r

L, [10Q 16P 2

Py 2glto& 100 2

9[28r+28r+7’]

(=P),. oin2 (=P)p gin2

_ 628“)@1:) L P ain?g GZM@Q) ~sin?g
00 apP

. —a(—L) ¢ipy2 9% 90\ | _gp?
.. R33 =e sin 9[1+2<6r 67’)] sin“ 0

We now evaluate the Ricci scalar, which is determined by contracting the Ricci tensor,

— o820 + cos? O + rel~

R=R",
=R% + R', + R% + R?,
=9"*Rao + 9" Rg1 + 6" Ryp + g% Rs3
=9"Roo + 9" R11 + g** Raz + g°° Rag

19°Q 1P\ [3Q\ 1/0Q\*> 10Q
‘2&«2*4(&)(&«) ‘4(ar> Tror

Cp|10°Q 1(OP\(0Q\  1(0Q\* 1(0P\| P r/0Q oP
— 28r2_4<8r><8r>+4<8r> U«(m) 2 [*2(&«‘&«)]

+i 1[6(_P)sin20[1+r(aQ apﬂsirfﬁ]

r2  r2gin26 2\ or or
_(-p[LPQ 10PN (0Q\ 1(0Q\* 10Q 19N 1(0P\(9Q
- 20r2 4\ Or or 4\ or ror 2 0r? 4\ or or

CL(0QY 10PN 1 1/0Q oP\ 1 _1(0Q oP\] 2
4\ or r\ Or r2  2r\ Or or r2  2r\ Or or r2

20 1/0P 1 2 2/0P 2 2
p_en[ @ 1(PY (9@ _1(0Q\? 200p 0@\ 2] 2
or?2 2\ or or 2\ or r\ or Or r2 r2
3.4 Solutions of the Einstein Field equation
Now, the Einstein field equation is,
1 e
RNV — §guyR = CTT;“, (316)

In case of vacuum, the Energy-Momentum tensor, 7}, becomes zero. The Einstein field

equation, then, becomes,
1
R;w - iguuR =0 (317)

Multiplying both sides by the metric tensor g“?, the above equation further modifies to,
1
legup - ig;wgpr =0
1
SR - §5HPR =0
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Thus, we can individually, write the field equations as,

1
0_Z =
Ry’ — SR =0
P
R

2
(&H_}WQ_chY 1(@)(*) 1(@)<w>
— ¢ 20r2 4\ or +4 r or \or )¢

op 00\ 2] 1 _,
or  or 2 r2

=58 AE) ) 5 ()
2
) -2
:>e(;P) [71«_?;]_:2:0 (3.18)
Rll—%R:
:Rlagal—gzo
= Rug" S

[(Z?)

(55 - i(a> 2

—<r(58) -G @) (@) 6 (68 (G (3
(5 K?)%ﬁ 7] e

BN [ <%§>+ 2]—73 (3.19)

p)_ TP 2Q
2 or?

1 /0P Q oQ\?> 10P
(5 (58 +1(50) 150

25 -)-2) -1

or r2 r2
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1
R, — 55221% =0
a2 R

:>R2ag —520

R
:>R22g22—5 =0

e(”[l 7“(862_6’P>] 1 e“°>[ 9°Q

oQ

1

N 1 771 0@ 1iop _1
r2 2\ dor  Or r2 2 or2 2\ or or 2
2/0P 0Q\ 2] 1
ﬂ(aﬁw)%z}w—“
[ 1 1/0Q 9P\ 1[3Q\ 1/0Q\ [P\ 1[dQ\*> 1/0P 0Q
-P)| - - _ - (= _ 27 il (i 200 I s 200 I (il (=) (I Px
¢ | r? 21“(37” 87’>+2<8T2) 4(87‘ or +4 or r\or Or
1] 1 1
pl1702Q\ 1/0P\[0Q\ 1/0Q\> 1/0Q oP
(P)|Z(Z =) _ () == il i (= _Z )| =
= 2(87“2) 4<87‘><8r>+4<37‘> +2r<8r ar> 0 (3.20)
3 1log
R3 —553R:O
:>R3019a3_§:0
:>R33933—§=0
E (=P) in29 _71 1_|_f @_aj + sin29 _e(*P) _6262_1_1 aj @
¢ ° r2sin? @ 2\ dr  Oor r2sin? @ 2 or2 2\ or or
_1(0QY 2(9P 0@\ 2] 1 _/
2\ or r\or Or r2 r2
o1 1/8Q 08P\ 18°Q 1/0P\/0Q\ 1/0Q\> 1/0P 0Q
_eP) | (= _ Ty _ = () (=) % el i
— ¢ {r2+2r<8r 8r> 28r2+4(6r>(8r \aor ) Ti\ar "o
1
-5l =
o 102Q 1 /0Q OP\ 1/0Q\[/0oP\ 1/0Q\?
(-p) |29 - (I _ ) _ (2% (L il a? —
¢ [28r2+2r<8r 87“) 4<8r)<8r>+4<8r> 0 (3:21)
Consider the equation ,
(=P)
e [1_‘913}_1:0

2

r r  Or r
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This equation can be solved to obtain an expression for P, as follows,

o] e

e(=F) [1 oP1 1

r

— dr — rdP = e"dr
— —rdP = (eP — 1)dr
dP dr

Let = e’ — 1. Then,

efdP = dx
— dP = dz
1+x

Thus, the above differential equation becomes,

i e _ar
z\142/) r

Using partial fraction properties, the left-hand side of the above equation can be written

as,

1 A5
z(z+1) =z z+1
1=A(x+1)+ Bz

e Substituting x = 0, we get A = 1.

e Substituting z = (—1), we get B = (—1).
1 11
‘x(r+1) oz ozl

And the differential equation becomes,
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Integrating both sides, we obtain,

In(l4z)—In(z)=In(r)+C
Son (1—;9:) =In(Cr)

1+el -1
el —1 =or
P
€
eP—1:CT
1_o-p_C
.
1
P
e = C
1=

In the above set of equations, C' is the constant of integration. Now, we will consider the
result obtained in equation (3.19)),

1 /0N 1 1
(D)= =L Sl
¢ [r<6r>+r2] r? 0
When we subtract equation (3.19) from (3.18]), we obtain the following,
1 1/0P 1 . [1/00\ 17 1
P)| — 2 ()| o2 _(P) (X Sl I
¢ {7“2 r(@r)] 2 © [r<8r>+r2]+r2 0
o1 1/0P\ 1/0Q\ 1
=Py = (2 ) (=) 2| =
— ¢ {7“2 r(@r) r<87“> 7"2] 0
1/0P 1/0Q
:‘r<ar>—‘r<ar>
o°P  0Q

o or
:>P:—Q—|-01

where, C is again, the constant of integration. Now at very large distances (r — 00), the
metric tensor for spherically symmetric and static field reduces to the flat spacetime metric
in spherical coordinates. Taking limits on both sides of the above expression,

lim P=— lim Q+C; (3.22)
T—>00 T—>00
But,
e? 0 0 0 1 0 0 0
lim e 0 0 _ [0 -1 o 0
rsoo | O 0 —12 0 0 0 —r? 0
0 0 0 —r2sin%0 0 0 0 —r2sin?6

Thus, from equation (3.22)), we can write,

lime? =1 = lim Q=0

T—00 r—00
lim —e = -1 = lim P=0
T—00 r—00
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Substituting these two results in equation (3.22)), we obtain,

0=-0+4+Cy

—C1=0
C

—ePl=eP=1-=
r
C

=P =1-2= (3.23)
r

Therefore, the spacetime interval for spherically symmetric static field is given by,

C dr?
ds? = (1 — >dt2 - r2d6? — 12 sin? Hdp? (3.24)

r 1-%)
The value of C' can be obtained by comparing the above equation with the metric tensor
obtained using linear theory, which is derived using the equations of a spherically symmet-
ric, static field. In that, it is found that % is proportional to the Newtonian gravitational

potential. Using linear theory, we obtain the spacetime interval to be,

2GM 2GM
ds? ~ <1 — i)dtQ — (1 + i) (dz? + dy? + dz?) (3.25)

where, M is the central mass. Here, the equations (3.24)) and (3.25) cannot be compared
directly since the radial variable r, is defined quite differently in the two cases. In equation
, r is defined such that the circumference of the circle that is concentric with the
origin is 277, whereas, the r defined in equation is such that the circumference of of
a similar circle will be 27r7“(1 + %)

To make the two equations consistent with each other, we modify equation by
introducing another new coordinate, given by,

— 4 =212 —Cr+2r—C

= 4r —2r+C =2yr2-Cr

== (47” —2r + 0)2 = 4(r2 — Cr)

— 16(+")% + 4r% + C? — 1671 + 8Cr’ — 4Cr = 4r? — 4Cr
— 167" = 16(r")* + 8Cr' + C?

= 160"r = (4r’+0)2

(O

1677 4r

2
= r=7 1+£
47’
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Differentiating both sides of the above expression, we get,

dr —dr’<1 + fr,>2 + 27"’(1 + 5,) <4En,6;2>dr’
(- E)el(+5) 2]
:< >< > (3.26)

c C
(2
1+ Y _1+£ e

47/ 47/ !
1—1—E 1+ E 2+£—C

47/ 47/ 2 !

_1—£+ AN
27! 4y’

) (1 - f) :(;gﬁ:/> (3.27)

Using the above relations, equation (3.24) can be written as,

Also,

2
ds2 :(1 _ C)dt2 - (1d7" o - r2d6% — 12 sin? 02
T’ - =

:<1—(W>2dt2 ) <1+C/4><1 . 0>2<1 . 0>2dr,2
14 C/4r 1—C/4r Ar’ Ar’
- <1 - 5)4(#)%62 - <1 + fw>4(r’)2 sin® 0dg’
:G J‘r g?i’jrd# - <1 + 40>4dr’2 (1 + 5,)4(#)2(192 — (1 + 5,)4(7«’)2 sin® fd¢?
cods? = G 1 g?i’jrd# -~ <1 + 5,)4 [(dr’)z + () d6? + (') sin® edqﬂ (3.28)

If we consider the case of weak field limit, then r’ — oo and the coefficients of dt? and
(dr")? + (")2d6? + ()2 sin? 0dp? will modify as follows,

1—C/4ar\? c\? c\?
— ] =(1-— 1+ —
1+ C/4r! 4y’ 47!

Let us consider the general expansion of (1 + g,)n,

14 OY L nC  n(n-DC*
4y’ 4r! 32(r")?

Now, substituting n = —2 and assuming " — oo, we get,



(1-C/a'\
C\1+Clar )

C(1-C/a"\? C ,

And for the case of (1+ 4%,)4,

r 2
c\* C\?
<1+4w> - (1+4w>

[, )
L 4 16(r)2

[ C? ct C C? c?
=1+ + =+

22 T 2560 T 82 T 16(7)°

But considering the weak field limit, 7’ — oo, the above expression reduces to,

c\* C
(14 2) =148

It is worthwhile to note that in the weak field limit, we will consider the r’ terms only of
the order of —1. Ignoring the 7’ terms of order of —1 will result in a flat spacetime interval,
and hence it is important that it should be considered.

Using the above relations, the equation reduces to,

C C .
ds? ~ [1 — w} dt? — (1 + T,) [(dr’)Q + (r")2d6? + (r')? sin® Od p* (3.29)
Equation (3.29) is consistent with equation (3.25)), and comparing the two equations, we

find that,

C=2GM
and as a result, equation (3.24)) becomes,
2GM dr?
2 2 2102 .2 2 2
ds® = <1 — , )dt — W — r“df* — r*sin Qdd) (330)

This is the Schwarzschild solution. The mass M in the above equations is the total mass
of the system; even the mass-energy due to the gravitational fields is to be considered.
Using equation , the metric of a spherically symmetric and static field, also called
the Schwarzschild metric can be written as,

(1 — 26 0 0 0
0 ~ 1o 0 0
g = ! 3.31)
0 0 ~ s 0 (
0 0 0 ~T=sGHjr
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3.5 Schwarzschild metric for the electron system

We will now proceed to obtain the spacetime metric of our electron system. Consider a
uniform gravitational field in which the gravitational force F¢, acts on an object of mass
m (which in our case, will be the electron). Let the distance between this object and a
body of mass M (which could be a star or planet) be r. The gravitational force Fg can
then, be written using Newtonian gravitation as,

_GMm

Fg=
r2

€, (3.32)

Here, G is the universal gravitational constant and &, is the unit vector along the z-axis.
Now, let us consider a coordinate system that contains and is in the vicinity of the elec-
tron, with its origin located at a distance of Ry from the body of mass M, as shown in the
diagram below,

z
‘V
zZe 9 Electron

|

1

I

' 1

O y

1 I

: 1

! |

i I

: |

Ry i I

X : |
1 1

: |

H 1

! 1

Mass, M i :
. °

Figure 3.1: Figure representing the motion of the electron and the coordinate frame in
which it is located, along with the body of mass M.

Here,
r=Ry+ 2z

where, z represents the coordinates of the test mass (electron) in the coordinate system
frame, shown in the above diagram. If we consider Ry (and subsequently r) to be sufficiently
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large, then equation (3.32)) reduces to,

— e, (3.33)

1
in our case. Therefore, we can have the gravitational force F¢ to be approximately inde-
pendent of the position of the electron. Now, to determine the Schwarzschild metric for

the above conditions, let us calculate the term (1 — 2GM )71 present in equation 1)

r

oG M\t 2GM 2GM \? 2GM
1— =1+ + 414
T Ry + 2 Ry + 2 Ry + =

after we have neglected the terms of the order of which is considered to be negligible

after considering only the first-order terms. Thus, the metric in equation (3.31) modifies

to,
(1-2e) 0 0 0
2GM
o 0 —(1+RO+Z) 0 0
2GM
0 0 —(1+ 324 0
2GM
0 0 0 —(1+3e4)
Let ®g(z) = %, and the above metric can be written as,
(1 - 20) 0 0 0
0 —(1 4 20¢) 0 0
p _
g 0 0 —(142®g) 0 (3.34)
0 0 0 —(1+2®¢)

As mentioned before, only the first-order terms of ®¢ was included in the equation @,
as it will be done in the rest of this report. The metric represented in equation @'D will
be used to describe the spacetime in which the electron accelerates. It is also possible to
show that V®s is a constant,

0 ( GM
D =—
Ve 8z(R0+z>
GM
(Ro+z)2

__GM 1+ 2 -2
Ry’ Ry

__G7M 1_272_’_
= R02 RO

GM

Voo~ — — constant
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We need to find the corresponding Dirac matrices v# (), such that they satisfy the following
condition,

P (@) + 7" (@) () = 29" X T

Suppose, v¢ and fy(o)ﬂ are the Dirac matrices in the spherically symmetric, static spacetime
and in the flat spacetime respectively. These two Dirac matrices can be related as follows,

7=V (=) (3.35)

Here, the tetrad V"ﬁ can be used to relate the Schwarzschild metric and the Minkowski
flat spacetime metric as follows,

g =V, MVB Vnaﬁ
For ¢%°, we have,
gOO — Va OVB Ona,ﬁ)
0)2 0)2 0)2 0)2
= (") =) = (%) = ()
To a certain extent, we can assume the values of some of the tetrad elements, such that the

transformation remains valid. If we take, V; © = V,9 = V0 = 0, then the above expression
becomes,

00_(‘/00)2
— 7,0 =/1-20g
20 1/ 1
21‘f+2<‘2>(2%>2‘
V0= 1 -0 (3.36)

In the above expression, the higher order terms are ignored since, |®g|/c? < 1.
In the case of ¢*, where i = 1,2, 3,
(0%
N2 i\ 2
=W =)

Here, if we take V' = V]Z =0, for ¢ # j, then, we have,

—(V i)2 _ gii

)

But, g% = —(1 + 2®5). Thus, the above expression modifies to,

(V;1)? =1+ 28¢

2

— V' =V1+2%¢

S Viia 14 g (3.37)

In the above expression also, the higher order terms have been ignored, since |®g|/c? < 1.

Using equation (3.36) and equation (3.37)), equation (3.35]) can be written as follows,

10(2) = (1 = ®a(2))y)° (3.38)
V() = (14 @6 ()’ (3.39)
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Chapter 4

Tetrad Formalism and Dirac
Equation in curved spacetime

4.1 Transformation properties of Dirac Equation in flat space-
time

In the flat Minkowski spacetime, the Dirac equation is given by,
i’y(o)"(?“zp(x) - mlb(.%') (41)

where, m is the mass of the particle.

Here, we will make use of the Planck natural units, in which ¢ = A = 1. Also, 7(0)“
refers to the Dirac matrices with the subscript (0) indicating that the Dirac matrices used
here, refer to the ones used in flat Minkowski spacetime. fy(o)” are required to satisfy the
condition,

{Wm”’ 7(0)”} =0 Y0 Y0 Y0 = 20" Taxs (4.2)

with {-, -} referring to the anti-commutator brackets of the Dirac algebra, and n*” referring
to the Minkowski metric tensor.

1 0 0 0
w |0 =1 0 o
T =1o o -1 o0

00 0 -1

We will now try to determine how the Dirac equation transforms from one inertial frame
to another. For that, we first consider the homogeneous Lorentz transformation from old
coordinates ‘z*’ to the new coordinates ‘z*"’, in flat spacetime.

o = A gV (4.3)

where, the Lorentz transformation matrix A“/l,, reflects the boosts and rotations of space-
time.

Let the quantum system be defined by an m-component wavefunction, ¥,, (which can
be considered to be a field), then its Lorentz transformation can be written as,

Uy = [S(A)],0, T (4.4)

n=1
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Here, S(A) is an m X m, irreducible matrix representation of the Lorentz group. The
properties of S(A) can be found by considering an infinitesimal Lorentz transformation,

AR = 6 4wl (4.5)

where 6", is the Kronecker delta and w', is the infinitesimal parameter, rotations and
boosts in the transformation. Thus, the representation for such a transformation can be
written as,

1
SA)=5SA+w)=1+ iwaﬂaag (4.6)

The above expansion is obtained using Taylor series expansion and 0,4 can be considered
to be the basis of the Lie algebra of the Lorentz group, and are 4 X 4 matrices.

Also, since S(A) forms the representation of the Lorentz group, the following multipli-
cation law will be satisfied,

S(A1)S(Ag) = S(A1A2) = S(A3) (4.7)
Now, any homogeneous Lorentz transformation matrix, must satisfy the condition,
A% A5 = s (4.8)

Substituting A%, =%, +w®, and Aﬁ(S = 566 + wﬁé into the above equation,

((50‘7 + w%)na[g (555 + wﬁa) =1ys
5’8550‘777@/3 + 770155’35000‘7 + 0% Was + Wasw™, = M5
S wsy T wys =0 (Upto first order of w)
S Wy = —Was (4.9)

Now, we have defined the infinitesimal Lorentz transformation as,

S(4) = 5(1+w) = 1+ 36*0uy (4.10)

We can choose the basis, 0,3 to be anti-symmetric in a and 3,
OaB = —08a (4.11)

In case of the Lorentz transformation of a contravariant vector, S(A) is simply the Lorentz
boost matrix, Ao‘la,

Ve 5 v =AY Ve (4.12)

In case of a rank-2 mixed tensor, the representation , S(A) in this case is A A B'ﬁ ,

%G =T = A aAﬁ,BTaﬂ (4.13)

The problem of finding the representations of infinitesimal homogeneous Lorentz group,
can be figured by finding out those matrices satisfying the relation,

[Cap 048] = MpWas — NrvaWss + N5sWya — Nsal~s (4.14)
For the case of Dirac theory, 0,4 are 4 X 4 matrices, defined by,

1
v — Iz v
o = Z[V(m »Y(0) }
1 5 .
- Z(V(O)MV(O) O '7(0)“) (4.15)

40



The Dirac equation must be independent of the Lorentz frame, that is, the equation must
be invariant under the choice of coordinates.

Let us consider an inhomogeneous Lorentz transformation, ' = Az + a, where A is the
Lorentz transformation matrix, satisfying ¢ = ATgA, (where g is the metric tensor), and
‘a’ represents a shift in spacetime. The Dirac equation will remain invariant if we define,

W' (') = S(A)¢(x)
= S(M)Y(A™ (2" — a)) (4.16)

where, the Lorentz group representation, S(A), is a 4 X 4 matrix operating on the compo-
nents of . The above equation can be written in tensor notation as,

W o (@) = S, (M) (A (z — a)) (4.17)

The index 3, follows the Einstein summation convention.
To say that the Dirac equation is invariant under a Lorentz transformation, is by saying
that in the new frame, 1)’ obeys the Dirac equation in the new frame,

(—m”’ay, + m) Y'(z') =0 (4.18)

In the original frame, the Dirac equation is as follows,

(—ir"d, +m)ip(x) =0 (4.19)
But,
o 0z 0 ,
= = AV /
ozt Oxt Oz uOr

Using equation (4.16)), equation (4.19) becomes,

(—ira” 0 +m) ST M) () = 0

i (57 @) )| +ms @) o

Multiplying both sides of the above equation by S, we get,
- iS(A“’,ﬂ#) SLo,4 (') +my (2) = 0 (4.20)

But the Dirac equation should be invariant under Lorentz transformation and must retain

the form as seen in equation (4.18)). Comparing both the equations (4.18]) and (4.20)), we

obtain the condition that has to be imposed on S(A), the Lorentz group representation,
STHAW S(A) = A o =+ (4.21)

The above result suggests that the Dirac matrices are invariant under a Lorentz trans-
formation. From the above equation, we can also obtain the anti-commutation relation
between the Dirac matrices in the new primed frame,

P = Ay
7 = A P (4.22)
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{"y'u’/"yyl} _ fy“lfyyl i 'yylfyul
= A "N gy + A A

= A A (7”‘7 +7 ’Y“)

= A A (29°7)
{’y“/,fy”/} — 9"V (4.23)
Since this is dealt in flat spacetime, equation (4.18)) and equation (4.21]) can be written
as,
1 .
S (A)V(o)”S(A) = A“zﬂ’(o)u (4.24)
iV(o)“au¢ =ma (4.25)

4.2 Tetrad formalism

For a given set of special relativistic equations that can be used to describe a system in flat
Minkowski spacetime, that is, in the absence of gravity, then, we replace all the Lorentz
tensors in that equation with quantities that act like tensors, after a general coordinate
transformation. Under this formalism, we replace all the derivatives 0., with its respective
covariant derivative, while the Minkowski metric 7,4, which is described for the case of flat
spacetime, will be replaced by the general metric tensor g,,,,. On doing these, the equations
of motions are generally of covariant nature.

The above formalism is applicable for quantities that transform like tensors under a
Lorentz transformation. This is therefore, not applicable for spinors, since there are no
representations of the GL(4) group (general linear group of 4 X 4 matrices) that behave
like spinors under Lorentz subgroup.

In order to incorporate spinors, let us consider a set of coordinates £% at each and every
spacetime event, X, such that £% is locally inertial at X. In case of a non-inertial general
coordinate system, the metric is given by,

g;w(x) = Vau (.CL‘)VBV (x)naﬁ (4'26)

where, V¢, (z) = 658(;9) . and V7, (x) is similarly defined. Here, x* represents the
r=

. . . . /
non-inertial coordinates, and when we shift from 2/ to #", V9, transforms as follows,

a o _ 027 (06%(x)
Ve, =V = 8xﬂ’< S )’ . (4.27)

We can consider V¢, to consist of 4 covariant vector fields and not as a single tensor.
These set of four vectors are known as tetrads or vierbeins. For a given covariant vector
field A*(x), we use the tetrad to refer its components at x to the coordinate system &<,
that is locally inertial at z,

T =Ve, T (4.28)

This resembles a contraction of the contravariant vector, A#* with the four covariant vectors
Ve, giving four scalar quantities, represented by *A%. In case of covariant vectors,

To = Vo ', (4.29)
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and for a general mixed tensor,
% =V, Vg "Th, (4.30)

Vo” and V¥ are also both tetrads, with lowering of indices (inertial coordinate indices)
done using Minkowski metric and the raising of index (non-inertial coordinate indices) done
using the respective metric tensor,

V¥ = nagg‘“’vo‘# (4.31)

Now, as per the principle of Equivalence, special relativity is applicable in locally inertial
frames, and is independent of the locally inertial frame chosen at that point. Since the
scalar field components (like *7'“ and *T,3) are defined using a local inertial coordinate
system, they must transform like Lorentz transformation from one frame to another. Hence,

"Top(x) = A (2)A 7 () Trg () (4.32)

where, Aaﬂ (z) is the spacetime dependent Lorentz transformation. In case of a general
field, *4, (), the transformation rule is,

“Yal) = Y [DIA)] () (4.33)

where, [D(A)],, is either the identity, the tensor representation or the spinor representation
of the infinitesimal Lorentz group, for transformations on the local inertial coordinate frame.
The quantities transforming as per equation (4.33)) is called Lorentz scalar, Lorentz tensor
or Lorentz spinor, depending on the manner of representation of the Lorentz group.
Under a coordinate transformation, an ordinary derivative transforms like,
0 0 oz¥ 0

O+ - ozt = Ozt dxv

(4.34)

If the action had fields that were coordinate scalars, there will be no way to contract the
covariant index, p/. In order to do contract that index, we make use of tetrad as follows,

0

p_ Y
& Oz
This forms four scalars and is a coordinate scalar.

However, if we consider the Lorentz transformation of this quantity acting on a general
field *, we get,

Vo (@) (9(0) = AP@V, ) | DA ()
= AL @V, @) | D) o (90)) + 5 (D) ) o)

(4.35)

But this is not a Lorentz vector. Hence, derivatives need to be used in the action equation
as an operator Z,, such that it is both a coordinate scalar and Lorentz vector. For a
position-dependent Lorentz transformation, A® 6(33),

Do (@) = A" (2)D(A(2)) Do (x) (4.36)
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If an action depends on fields, *1) and their derivatives, Z,*1, it will be independent under
a transformation of its local inertial frame. From equation (4.35)), the derivative %, that
should be both a Lorentz scalar and a Lorentz vector, can be written as,

0

.@a - Va‘u |:8:E'“ + FN:| (437)

The matrix I';, has the following transformation law,

0
Tﬁ‘[axu

(D(A(z)))] D (A) + DA@) @D (A)  (438)

Thus, the transformation of &,*v is as follows,

o=Vt L)

oxH

=+ AL @V, @) | o + DAL 0w - | 50 (D) )| D | iy
=02V, @) | (D7) |+ [0 (860 )1t vt - [ 5 (D)o
= AL @V, (@) [ D) 5 () + DY) (4.39

To determine the structure of I',, (), let us consider an infinitesimal Lorentz transformation
near the identity element given by,

Aaﬂ(flf) = 50{[_} + waﬁ (m)
where, w,g is the infinitesimal parameter that is anti-symmetric,
Wap = —Waa

The representation of this infinitesimal Lorentz transformation is given by,

D(1+w(x) =1+ %waﬁ(x)aaﬁ (4.40)

with 0,3 being constant, anti-symmetric matrices, satisfying equation (4.14)).
Now, V9, (x) transforms as,

Ve, (x) — Ao‘ﬁ(x)Vﬁﬂ (x)
But A%;(z) = 6% + w® (), and the above transformation becomes,

Ve, (z) — (50‘5 +w% (a:))VBM (z)

= V4, (2) = VG, (2) + w5 (2)V, (@) (4.41)
o)

We will now consider the Lorentz transformation of Vﬂ - (Val,). The transformations of
V" (x) and Vo, (z) are as follows,

Vﬁ ”(x) — V,B v —+ (.JJIBPY‘/,y v (442)

Vo () = Ve 4w, Vo, (4.43)

44



Thus, V" (2)0y (Vaw(z)) transforms as follows,

0
oxt

L9 P L9
= |:Vﬁ axu (Vay) + Vﬁ a <w ’YV»YV> + WB’YV,Y @ <Va,/>

V" (2)0u (Vaw () — {Vﬁ +wg'V, ] [VmA—w Vw}

0 , 0 v 0
=V s (Vo) 7V (Vo) +07V g (Vo ) + g ()

(4.44)

Using equation (4.38]), the transformation of I';, under an infinitesimal Lorentz transforma-
tion is as follows,

L > DL+ wle) )01+ ) — 52 [ D0 +w<x>>] (P +wto)

1 1 0 1
= |:]. + 2waﬁo'a6:| FN |:]. — 2waﬂo-a6:| al»ﬂ |:]_ + OJ UO&B:| <1 — 2waﬁaa5>

1 1 1 [0w™?
=T, + 2w Jaﬂf — §w BFHJaﬂ [ g } af
=Ty 4 208 (@) ous T — 2220 (o8 () (4.45)
—eTy b il T Ty G '

The matrix I'), that satisfies the above transformation property, will have the following
form,

1 (03 12
T,(z) = @ BV, Y () Vawp (4.46)

Thus, in order to take into account the effect of gravitational field on a physical system,
we replace the 83% in its action or field equation with the covariant derivative, given by,

0
@a Va ‘U’@ + O'B’YVQ #Vﬁ VVyy;,u (447)

Here, the semi-colon denotes the usual covariant vector derivative involving Christoffel
symbols,

Vo
8713‘ T Vo —T%,, V3 (4.48)

Now, the Dirac equation in flat spacetime was written as,

W(O)“@w(ﬂﬂ) = mi(x)

The covariant form of Dirac equation is then given by,

Vv =

iV(o)M@u*w =m*y (4.49)
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If we define the Gamma matrices to be,
() = fy(o)ﬂVﬂ K (4.50)

and with the wave function of the electron being the same in all global coordinate frames
and therefore, *1) = 1), then the covariant Dirac equation thus, becomes,

iV D2,0(x) = mi(x) (4.51)

4.3 Spin Connection

We will now, show that the spin connection I, in the covariant derivative %,,, defined
below,
Dy =0u+ Ty

does not contribute to the acceleration of an electron in a uniform gravitational field. The
spin connection will be evaluated using the Schwarzschild metric, we have obtained in the
second chapter.

For this, we will construct a local inertial reference frame £, at every point X, in
spacetime such that its corresponding metric g** is the Minkowski metric with its deriva-
tives vanishing at the origin. The vierbein can be determined by describing the coordinates
of the local inertial frame £, *(x), that is centered at the point X, in terms of the global
coordinates x#, using the following set of relations,

60 = (14 09)3° + Vogz'73
Exl=(1—-d0)it — Vogz'z
Ex?=(1 -0z — Vogz27®
&0 =(1—®)& + V%(:c i+ #'it + 7237 - 27

where, T = x* — X", the distance of any point in spacetime from the point X with x*
being the global coordinates of the former point and X*# being the global coordinates of
the point X, and &y = ®5(X). Also, VO is a constant, as shown in the previous chapter.
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<

Electron

:U/L

Figure 4.1: This figure shows the local inertial frame {,* at point X, along with the
electron situated at the global spacetime coordinates x*. Note that the time axis of the
local inertial frame &,.°(z) has not been shown.

From the tetrad formalism, the vierbein is defined as,

=X
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Therefore, we can evaluate each vierbein as follows,

Vi

- (57

[(1 + @) + V@ng?’]

=X

0]

{1 + ®y + Vo (X?

=14+ dg

. <a§XO($)>
N Ozt
0
= 9zl
=0

_ (c%g <w>>
{
- (%557)

_ 0
- 013

{vcbaaéo]

=0

- (558

=X

[(1 + @)z + VP27 ]

=X

=X

1+<I>0:13 +V<I>G:Ux]

_ 9
_a =X
0

=X

[(1 + ®g)i" + V(I)G:EO:%?’]

=X

=X
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V= (55

=X

)
= o [(1 — ®g)it — V%:zlf?’]
=X
= [(1 — ®g) — V%(:z?’)}
Vll == (1 - @0) o
V12 _ <8§X1(x)
Ox?
8 =X
=53 [(1 — ®g)it — V¢0i1£3]
SV, =0 x:X
V13 _ <B§X1($)
ox3
a =X
=53 [(1 — ®g)zt - Vcbga}lf;?’]
S VE =0 -
VQO _ <65X2(73)
0xY
6 =X
=575 {(1 N V¢G;z2:z3]
V3 =0 =
2
V21 _ <B§X (@)
ox!
8 =X
=23 [(1 O VCDG%QQZ'?’]
Vi =0 x:X
V22 _ <65X2(95)
Ox? .
9
=53 (1—®p)z? — VCDGJ?Q%B]
=X
= [(1 — @) — vqm@?’]
. =X
V23 _ <3§X2($)
ox3
s =X
=53 [(1 — ®g)i? - V¢G5:2953]
49 o=X
= {—V@G@Z}
=X

VA =0



V3

_ <85X3($) >
N 0x0
0
= 920

= 5V<I>G [2550]

=X

[(1 — ®0)7° + vq)G( O+ 2tz 4+ 3°2% - 5:3953)]

=X

= Vdg [xo — XO]

=X
=0

-(s52)
0
8 Iyl

- L;I’G [2@1]

=X

[(1 — &)@ + V@G(a: i+ 3t + %% — 535:3)]

=X

= Vdq [:171 - Xl]

=X
=0

- (%57)
0
a 972

o
- LQ G [2:2»2]

= Vdg [m2 — X2]

=X

|:(1—(I)0):L' + Vég(x 0+ @tat 4+ 2% - 3?3925)]

=X

=X
=0

_ (8§X3(5U)>
N oz3
0
T or?

- [(1-@0) +W§G< (2 —X3)>

= (1 - o)

=X

[(1 — ®0)73 + V(I)G (#°2° + #'2! + #%%% - :7;3@3)]

=X

=X
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The Schwarzschild metric with the indices raised and lowered are as follows,

(1 - 20¢) 0
g“y _ 0 —(1 + 204
0 0
0 0
1
(1—280) 0
0 _ 1
Gy = (1+20¢
w 0 0
0 0

0 0

) 0 0

—(1+2%¢) 0

0 —(142%¢)

0 0
) 0 0
1 0
(1+23¢) )

0 T (1+29¢)

The corresponding Christoffel symbols to this metric is calculated using the formula,

PATO 0 0
m g Ja 9px . Jap
Pag = 2 [ ozf Oz Oz ] (4.52)
Now, T, is evaluated as,
o 9" [9g0x | Dgor  goo
07 2 | 920 " 920 92
_ 97 9
2 dzY
FOOO == 0
where, %%’@ = 0. Now, for %,
o _ 9" [Ogox | gin _ goi
00 2 | gzt T 920 dx)
_ ﬂ dgoo
2 | Ot
Now, 488 — 22 0
210 =T%, =0
And for the case of 'y,
1-28g) 0 1
10, = 10, — ¢ —
03 30 2 03 <(1 B 2%))
_ (1-2%¢) 1 (2a¢g>
2 (1—205)* " 0x3
00¢ _
= %(1 —20¢) "
=Vos(1+205+...)

.70 _ 10
'-FOS_F3ON

For the case of Foij, we have,

V®s (Ignoring higher order terms)

o _ 9" [0gin | 9gjn  Dgij
Yo 2 |0z 9xt Ox?
_ 9[99 , 9950 g

2 |0xd Ozt 020
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But,

Ogio _ 9950 _ 99ij _
oxJ ozt 0zV

Now, for the case of T'ly,,

But,

For the case of Flio,

In this case too,

1
In case of T’ i

o 9" [9g0x | Bgox  dgoo
0= 9 1920 " 929 9z

9" [9go1 | Agor  dgoo

T2 [ 0z0 020 Ozt }

9901 _ dgoo —0
ozY  Oxl

Floo - O

0z0 ori Oz

_ 9" [9g9a o 9901 _ Ogio
oz% Ozt Ox!

o g [39»\ dgox agio]
0= "5
2

1
2

0gi1 _ Jgo1 _ Jgio —0
oxY ot oxl!
Flio = FIOZ' = 0

Tt :ﬂ dgin | 0gix - 0gij
Y2 |02 92 Ozt
_ 9" [99a | 9gj1  Ogi

2 | 0z7 Ozt Ozt

Here, 994 _ (). 1f j = 1 and j =3, (or vice-versa),

Ox1

Ox3

(1+2dg) 2 8%g
2 (1+28g)? 02°

=—[1-2Pg+...|VP¢s

STy =Tl ~ —Vog

| o
1_‘13_1_‘31_

911 dgn
2
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For all the other values of 7 and 7,

9gir _ 9gj1 _
OxJ ox’

When i # 1 and j # 3 or vice versa, we have

Now, for the case of T'%y,

2 _ g% [9g0x | gox  Dgoo
00 = -

2
2 | 020 0z Oz

However, for any value of A,
9g0x _ 9900 _ 0
0x0  Ox?
F200 - 0
For the case of F20i, we have,

2 g* {5gox 0gix (9901]

007 "9 | gzt 920 9z
_ 9% [9902 | Ogiz  Dgoi
2 | 0zt 020 02

However, in this case also,
dgo2  Ogiz  Ogoi

ort 929 Ox2
F20i — 0

=0

Now, for I'?. .. we have,

K

2 _ g* [0gin | 9gjn  Dgij
Yo 2 |9z drt Ox?
_ 92 [391'2 9gj2 agij]

2

oxJ oz’ 0z2

Now, here giig =0. If i = 2 and j = 3, or vice versa, then we have,

22
2 2 _ 9 Ogoz . 0g32
o3 =1 = 2[01‘3 81:2]
(1+2®5)[ 0O 1

T2 [31’3<(1+2<1’G)>

_ (1 + 2(13(;) 1
=TT 2 (Gqasgr e

=—-Vos(1+ Q(I)G)il
- —V<I>G<1 — 2B + (20¢)2 — . )
F223 ~ F232 == —V(I)G
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For all the other values of 7 and j, we have,
0giz _ 0gj2 _
oxI ot
When, i # 2 and j # 3 or vice versa,

Now, let us consider '3y,

3 _ 9 [9g0n | gox  goo
0= 9 1920 " 929 9z
_ 9% [0g03 | 9903 Ogoo

2 [ 020 920 0a3

But,
Jgo3

0z0 =0

So the value of F300 becomes,

00 2 923\ 1-20g
C(14+285) 1 ( aq>G>
2 (1-20g)°\ 02°
= (1420¢)(1 — 20g) *Vdg
= (14 2®g) (1 + 20 + 3(®6) + .. .)vq>g
- <1+2<1>G+3 Bg)? ~--+2<1>G+4<1>2G+6<1>§;+...>v<1>g
00 ~ q)G
For I'3,;, we have,
3 _ 9" [9g0x  gxni  Dgoi
0 o | gri 0x0 Oz
L _

dg03  Og3i  Ogoi
2 | 9zt 020  Ox3
Here also, since 7 only takes values of 1,2, 3, we have,

9903 _ Ogsi _ Ogoi _ 0
oxt ox0 ox3

Fgoi — FB,L'O == 0

For F3Z-j, we have,

s 9 [0gix | 995 Ogi
Y2 | oI ort Oz
97 09i3 393;’ _ a%'j

2 | OxJ ozt Ox3
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Now, if we have i = j = 3, then,

3. _ 9% [9g33 | Ogss  Dgss
372 | 923 " 923 923

_9* [3933}
2 | Oz
(1+2®g) 0 1
(1+2®G)

2 ox3

_ (1 +2<I’G) (_6‘1’@)
= (1 n 2@0)2 o3

= (1+28¢) [~ Vdg]
= (1 - 20¢ + 40%) [~V o4

F333 ~ —V@G
Also, if i = j = 1, then,
9g3i _ 093j _
ox? ozt
i 2 ox3

- ()

(14 2d¢) [09¢
T (1+200)° [6‘903}
= (1+20g) Vg
= (1-2®¢ + 4% +...) Vg
o3, =~ Vg

Finally, if ¢ = j = 2, then,
9g3i _ 093j _
OxJ ox’

. F3 _J 23
22 2 ox3

L k)

(1+2®g) [0P¢
T (1+200) 89:3]
= (1+4284) 'Vog
= (1-2%¢ +49F +...) Vg

T3y = Vg

g% [_ 0ga2 ]

Now, the spin connection is defined as,

1
Iwziﬂﬁ@W@m (4.53)
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where, 0®? is defined as,

1 1

O‘B — [0 6 —— o ﬂ . ,3 o
7= 1[7(0) *7(0) } - 4[7(0) Yoy ~ Vo) Y0) (4.54)

and the semi-colon represents the usual covariant derivative, defined as follows,
Vv = 0,V — T, Vap — T ,5Vaw
The general rule for the lowering and raising of the tetrad indices are as follows,
V" = napg"’ Ve,

where 7,4 is the Minkowski metric and the metric g"” in this case is the Schwarzschild
metric. For the case of only lowering the indices, we use the formula,

Viu = 1V,
Now, Vpo and V 0 will evaluate to,
Voo = 1a0V% =m0V = (1+ @)
Vo % = 100g"V 4, = noog™ VG = (1 —2%¢)(1+ Do)

We will now evaluate the rest of the vierbeins components for the same set of lowered /raised
indices, in a similar manner,

Vit =naVy =V = —(1— )
V1= na1g“1V°‘M =gV = (1+285)(1 — @)
Voo = Na2V% = V% = —(1— &)
Vo2 = 029" Ve, = n2gV% = (1+20¢)(1 — @)
Vaz = na3V% =nsVh = —(1 - ®)
Vi ? = 0asg"® Ve, = n33g®V% = (1+20¢)(1 — @)
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The remaining vierbein components are of zero value. We will now try to calculate the
spin connection values. First, for the case of I'g, using equation (4.53|), we have,

1
To ==V, " Vs,

2
1
:iUQ’BVa v |:80VBI/ - F(SOV‘/(W B Féoﬁ‘/&/}
1
=—5 [Uoéﬁva ”F‘sOVV(;g + 0PV, Vréoﬁvéu] (GoVa, = 0)
1
=73 [093V, 0Ty Vas + 00V 3T Voo + 020V 313 Vag + 0%V, °T%5 Vo |

1
=- 5003 (Vo °T%0 Vas — V3 *T003Voo — V3 ° I Vas + V;, “T%03 Voo

1 .
= 5003vq>g (Vo OV — V53 Vo — V3 3Vag + V Vo] (Since I3 = Iy = V&¢)

=— %O’OSV(I)G[—(l —205)(1 4 Do) (1 — Dg) + (1 — 20¢)(1 + Do) + (1 4 280)(1 — Bg)>
— (14 2®0)(1 — Do)(1 + D¢)]

=— %003V¢G[(1 — o) (1+ @0) (20 — 1 — 1 —20g) + (1 — 20¢) (1 + 200 + D7)
+ (1420¢) (1 — 200 + 9F)]

1
= — 50"Vag [2 — 24 2(®g)? + 2(Bg)? — 8Dy

- To =20V, [@G% - (@0)2]
Now, using equation (4.54)), we have,

1 1 1
03 0 3 0 3 3 0 3 3
= 1[%0) »(0) ] = 1[’7@) Yo" 0 o) } = 1[5<0>5<O>0‘<o> — B0y o)

g

In the next chapter, we will see the following properties of ) and O‘(o)?)’

BBy =1 = Boboyae’ =)

a(0)3ﬂ(0) = —5(0)a(o)3 = 5(0)0‘(0)35(0) = _5(0)6(0)0‘(0)3 - _O‘(O)g
3
1 (6%
03 3 3\] _ (0
o= 1[0‘(0) - (‘0‘(0) )] -9
Thus, I'g becomes,
Lo = 0’ V¢ [@a) — (@)’ (4.55)
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Now for the case of I'y,

1
I'y :io.aﬁva VVBV;I

o1 =0

1
=—0c
2

« v 3‘/51, d d
fBVa [ E -T ngV -T 1,/Vg5

2 Ol

1 Ve
- = [ao‘ﬁVa ”F‘SlﬂVéy + 0%V, ”F‘SIVV@;} <Since, By O)>

1
92 [Uaﬁva T 5 Vs + 0PV, VF113V65 + 0PV, T3 Vs, + 0PV, VF311V55}

2
1

_ 7[0.13‘/1 1F113V11 + 0_31‘/:3 311113‘/11 + 0.31‘/'3 311311‘/33 + 0.13V1 11’1311‘/'33]

2

1
— o[-V VoGV + V3PV BeViy — V3PV OGVas + V) 'V DG Vi)

2

1
=— 5013%0 [—Vy VA + V3 3V — V5 3Vas + W 1Vag)

=— 10—13V<1>G[—(1 +206)(1 — Bo)? + (1 4 28¢) (1 — Dp)?

2

— (1428¢)(1 — Bp)? + (1 +28¢)(1 — B)?]

For the case of I's, we have,

1
Ty ==

2. Ta

1
2

=0

2

2

2

PV, "V

Vg,
O,Ozﬁv v |: ﬁ . 11525‘/61/ o F52yvﬂ6:|

«

Ox?

1 WV,
- [aaﬁ V, "T05Vs, + 0V, Vr%yvm} (Since, b _ 0)

2 0x2
1

2 [aaﬁva T2 Ve + 0PV, "T 293 Vas + 0PV, " T30, Vs + 0PV, VF322V55]
1
§ [0_23‘/2 2F223V'22 + 0_32‘/3 3F223‘/22 + 0_32‘/2)) 31’\322‘/33 + 0_23‘/2 21‘\322‘/33]
1

5023 (Vo 2T293Vag — V3 *T253Vhg — Vi TP, Vg + Vy 2Ty Vs

1
2

=02V, 2V DGV + Vi PV D Vg — Vi 3V D Vag + Vi 2V Vig)

1
=02V [V, 2Vag — V3 3Vag + V33 Vag — V, Vi

:3023V<I>G[—(1 +285)(1 — Dg)? + (1 +285)(1 — Bo)? — (14 28¢) (1 — Bp)?

+ (14 20¢)(1 — ®¢)?]
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Finally, we will evaluate I's as,

1
I's :§gaﬁva Vaus

1 OV,

__ a,BV v
27 Vo [8:1:3

- Fésﬁv&f - F63VV66]

1 (0% v Q) 14 . av v
) [a v, F535%V + 0PV, F53VV55] (Slnce, 8;)3 = 0>

- %[gaﬁva "TO05 Vs, + 0PV, "TO03 Vs + 0PV, YT 3 Vs, + 0PV, T 3 Vs
+ 0PV VT253 Vs, 4+ 0PV, VT3 Vs + 0PV, VT353 Vs, 4 0PV, VT35 Vs

_ _ %[O‘OOVE) 0F003V00 —1—0‘00% 01—1003‘/00 + UHVI 1F113V11 + UHVI 1F113V11
—|—0‘22V2 21—\223‘/22 + 022‘/2 2F223V22 —|—U33Vtg 3F333V33 _1_0_33‘/25 3F333V33]

Here, using equation (4.54]), we see that,

o0 1 1

or =17 [’Y<o>0”7<0)0] =1 [’Y(O>O’Y<o>0 - 7<o>07(o>0} =0

Similarly, o'!, 6?2 and ¢33 evaluate to,

11 1

1
_ 1 1] 1, 1 1, 1] _
o = 1[%0) »Y(0) ] = 1[%0) Y0) ~ o) Vo) } =0
1 1
22 _ 2 2] _ 2. 2 2. 2] _
o = 1[%0) »(0) ] = 1[%0) Y0)" ~ Y0 0) } =0
1 1
33 _ 3 3] _ 3. 3 3. 3| _
o= Z[’Y(o) »7(0) ] = 1[’7(0) Y0 = 70) Y0) } =0
As a result, I's evaluates to,
S I3 =0
Thus, we have obtained the spin connection values to be,
Lo = a)* Vo | Pa®o — (®g)? (4.56)
' =Ty=I3=0 (4.57)

In the equation , we see that it is of the second-order, either in ®; or in ®g and the
equation tell us that the spatial spin connections are all zero. Hence, we can say
that the spin connection can be safely neglected in the Dirac equation for an electron in a
spherically static and symmetric gravitational field.
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Chapter 5

Calculation of electron acceleration
using Dirac equation

Here, we will try to obtain the acceleration of an electron in a uniform gravitational field,
such that it is moving along the z-direction, with a velocity v, that is small compared to
the speed of light, but large enough to consider terms up to the second order of v/ec.

5.1 Modification of Dirac equation

As discussed before, the Dirac equation in curved spacetime is given by,
V" (2)Dpuihp(z) = map(z) (5.1)

where,
D=0, +Ty

The Dirac matrices in flat spacetime ’y(o)“ (z), and in curved spacetime v*(z), are related
as follows,

7(2) = [1 = @6 ()]0 (2) (5.2)
Y(2) = [1 + Ba(2)]70) (2) (5.3)
We now define a new set of matrices gy and 5, as follows,

By = 7(0)0 (5.4)

5(0)06(o)i = ’Y(o)i (5.5)

Substituting equation (5.4) into equation (5.2)) and equation (5.5)) into equation (5.3]), we
obtain the following relations,

7°(2) = [1 = 6B
Y'(2) = [1 + ®c)Bo)

Now, equation (p.1)), after substituting the expression for &, (after neglecting the spin
connection term, for reasons shown in the previous chapter), becomes,

i ()0 () = map(x) (5.6)
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This equation can be modified as follows,
70 ()00t (x) + iy (@) Onp () = map(z)

— ()57 =~ V(@) + mi(z)

0 v
= i[l - @G]ﬁ(o)%} = [1+ @¢]Boyx(o) - (l)lﬁ +my

The above is obtained by substituting the values of 4°(z) and ~%(z) we had previously
obtained. Dividing the above equation throughout by [1 — ®¢|, we get,

) o 14+ &g v m
25(0)5 . (1 — @G>5(0)04(0) : <i>¢+ . @Gw

= (14 ®¢)(1 - @)~ ' Boyeyo) - <V)¢ +m(l—®a) '

0
~ [14 @¢][1 + Pc]Bo) o) - (j)w +m(1+ ®q)yY
~ [1 + 2@@]5(0)0(0) . <7>7,/} + m(l + (I’G)w

In the above expressions, we have considered only the first order of ®¢, neglecting the
higher orders of ®g.

., 0 v
ZB(O)% =1+ 2@@]6(0)0(0) . (’L>'¢ +m(1+ ®g)y (5.7)
Now, we have,
10 0 O
- o |01 0 O
fo =% =10 0 -1 o0
00 0 -1
The inverse of the above matrix will be,
10 0 O
-1 o™t [0 1 0 0
(ﬁ(O)) = (7(0) ) “lo o =1 o0
00 0 -1

Premultiplying equation li by (5(0))_1, we get,

i(ﬁ(o))_lﬁ(o)% =[1+29¢] (5(0))_15(0)0(0) . <7>¢ +m(1 + ‘PG)(ﬁ(O))_l@/)

laaqf = [1 + 2@@]a(0) . <7>1/1 + m(l + (I)G)B(O)w (58)
Here, 5(g) = (5(0)) ! The equation represents the Dirac equation in curved spacetime,
upto the first order of ®¢. The last term in the above equation consist of ) which is
simply a diagonal matrix, consisting of 1,1, —1 and —1 as its diagonal elements, and hence
the last term corresponds to the gravitational potential of the electron.

It can also be said that the gravitational effects show up in the Dirac equation by a
metric rather than by directly including them in the Hamiltonian. One consequence of
this is the appearance of a factor of (14 2®¢) in the first term in equation , which
represents the kinetic energy.
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5.2 Transformation of spin in flat spacetime

Spin is considered to be a type of intrinsic angular momentum, and thus, it will have
transformation properties similar to angular momentum. The treatment in this section
will be considered to be in flat spacetime only. The expression for angular momentum is
given by,
L=rXp

In tensor notation, this can be written as,

L; = €17k
Now, L being the product of two vectors, it must show the transformation properties
of a second rank tensor. So let us see how a second rank tensor undergoes a Lorentz

transformation. For this, we will make use of the electromagnetic field tensor as an example
of our second-rank tensor. It is defined as follows,

0 —El/C —EQ/C —E3/C

El/C 0 —B3 BQ

[l g—

F - EQ/C B3 0 —Bl (59)
E3/C —By B, 0

Under a Lorentz transformation, the components of the electric and the magnetic field,
that is parallel and perpendicular to the velocity vector, transforms as follows,

B)' =By, B)'= B (5.10)
, B.-(w/)xE _ , E +(v/c)xB

By V1—v2/e2 + V1—v%/c?
Here, E| and B, refer to the components of electric and magnetic field, that is perpendic-
ular to the velocity vector, respectively, and Ej and B| refer to the components of electric
and magnetic field, that is parallel to the velocity vector, respectively. Also, the primed
and the unprimed coordinates are measured in the two inertial frames of reference, moving
relative to each other.

Now, under spatial inversion, the electric field shows odd parity (E — —FE), while both
the angular momentum and the magnetic field show even parity (B — B, L — L). By
analogy, we can therefore say that the angular momentum (and spin) should show similar
transformation properties as the magnetic field, B. For the case of spin S = o/2, there
will be another set of dynamical variables that represents the internal degrees of freedom
of the particle. Let these variables be iat/2 (with i/2 for convenience), and will transform
analogous to E. Thus, the transformations of S (or o) and iax/2, as per equation

and equation (5.11)) are as follows,

a”/ =0, ia”' = iq (5.12)

(5.11)

, oL —(v/e)xiae ., oy +(v/c)X o

o, = o) =
- V1—-v2/c + V1—v2/c?
Here also, the symbols || and L refer to the components of o and i that are parallel and

perpendicular to the velocity vector, respectively. Now, the second-order matrix that is
analogous to the Maxwell field strength tensor F*¥, is as follows,

(5.13)

0 —ia1 —iOzg —iag
i 0 o —0o
ot = | 1 5 2 (5.14)
109 —03 0 01
iOég g9 —01 0
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The algebraic properties of a can be found with the help of the algebraic properties of
spin, and also the fact that the spin generates rotations of internal degrees of freedom. As
a behaves like a vector under spatial rotations, it must commute with S (or o) as follows,

[Ozl', SJ] = OéZ'Sj — S’jai = ieijkak (5.15)

[041', Jj] = 005 — 004 = QiEijkak (5.16)

Equation (5.15)) and equation ([5.16)) is valid for any spin values except for spin zero, in
which case, a = Q. For the case of spin-1/2, o obeys the following relation,

0;0j = 1€;,0) + 0;j (5.17)

Here, €5, is the Levi-Civita symbol and d;; is the Kronecker delta. The equation (5.17))
should be true for all spin operators in any Lorentz frame.
Suppose we take v to be along the z-axis. This can also be written as,

V=07

in which, Z is the unit vector along the z-axis. Now, in equation (5.17)), let us consider the
case of i = j.

9 .
(0:)° = 0405 = Q€0 + s

(UZ')Q =1 — Oyt = 1
Also, from equation (5.13)), we have,

Oy = Oz — [(U/C) X ia]z (5.18)

JI— /2

%y [(v/c) X ia], (5.19)

Y V1—v2/c?
Here, the subscripts « and y represents the x— and y— components of the cross-product of
v/c and ia. Now,

a=o;X+ o,y + .z

where X, ¥ and Z refer to the unit vectors along the x—, y— and z— axes respectively.

- (vfe) X (i) = L[(02) X (0% + a3 + 0.

X ¥V z
vXa=[0 0 v|=(—vay)Xx+ (azv)y+0z
Ay Qy Qg

s (w/e) x (ia)], = —ivay /e, [(v/c) X (ia)], = ivag/c
Thus, equation (5.18) and equation ([5.19) become,

Ot = M (5.20)

T /T =022

5, — Ty~ W0ajc (5.21)

oy
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Squaring the expression for o,/ found in the equation ((5.20)), we get,

(0p + ivay/c)2

2
(O-$/) = 1 _ U2/62

_ (00)” +ivou(ay/c) +iv(ay/c)os — (v/e)*(ay)?

1—02/c?
Since (Uggr)2 = ((fgg)2 =1, we have,

1+ i(v/c) (o0 + ayoy) — (U/C)Q(ay)2

1—0v2/c? =1
For the above equation to hold, we can deduce the following,
(O‘y)Q =1
OpQy + yo, =0
In general, this can be written as,
giaj + ajo; = 0 (for i # j)
Now, multiplying both sides of equation by 0./, we get,
g -
Since the parallel component is along the z—axis, we have,
Oy =0,
Also, we can use the following equations from equation ,
Oyl Oyt = 10y, Oy0y = 10y
Thus, equation becomes,
10 — W00, ) c Op — VO304 /C

Z'O'x/ = = Oy =

V1—v2/c? V1—v2/c?

(5.22)

Comparing the above equation with equation ([5.20)), we obtain the following relation,

op +ivay/c 0y —vog0;/c

V1—v2/c2 B V1—v2/c2

10y = —Qz0,

L. A0, — —ZOéy
Now, multiplying o,/ on both sides of equation ({5.20)),

020, + 10ayo /¢

V1—0v%/c?

Op! Oy =

Here also, since z—axis is the direction of the parallel component, we have,

Oy = 0y
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and also, using equation (5.17)),
OOy = —i0y, 040, = —i0y
Thus, equation (5.24)) modifies to,

—ioy + iwayo /¢ R vayo/c
V1—0v%/c? Y V1—0v%/c?

Comparing the above equation with equation (5.21)), we get,

—10y =

—oy +ivag/c  —oy +vayo./c
10 = Qo
S0, = 10y (5.25)

From equation (5.23|) and equation (5.25)), we can write in general,
;05 = ieijkak (fOI' 1 7& j)
Now multiplying equation ([5.20)) and equation ({5.21]), we obtain the following,

(04 +ivay/c)(oy — ivag/c)
1—0v2%/c?

Og/ Oy =

Now, from equation ([5.17)) and since z—axis is the direction of the parallel component, we
have o0, =i0, =io., and the above expression modifies to,

020y — WOLay /¢ + ivayoy/c+ (v/e) ayay,

1o = 1—0v2/c?
o, + (iv/c)(ayoy — op0y) + (v/c)ayay,
N 1—v2/c?

iy (1= v?/c?) =0, + (iv/c)(ayoy — oz0y) + v /Fayay

Comparing the coefficients of v%/c?, on both sides of the equation (for the above equation
to be valid), we get,
ayo, = —io, (5.26)

Now, when we multiply equation (5.21)) and equation ([5.20) in order, we have,
(oy —ivag/c)(os + ivay/c)

1—v2/c?
_0yop +i(v/c)oyay —i(v/c)ago, + (v/c)azay
B 1—02/c?

ooy (11— v2/02) = 0y0, +i(v/c)(oyay — azo,) + (v/c)zaxozy

O'y/O'Z,/ =

Once again, from equation ([5.17)) and since z—axis is the direction of the parallel compo-
nent, we have 0,0,y = —io,, = —io, and 0y0, = —io., and the above expression becomes,

—(i02) + (i0,)(v/c)* = —(i0,) + i(v/c)(Tyay — zos) + (v/c) azay,
Comparing the coefficients of (v/ 0)2 on both sides of the equation, we get,

Qpy = 10, (5.27)
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Adding equation ([5.26)) and equation (5.27]), we get,
0y + oy =0

In general, this can be written in the form of the anti-commutator of different components
of a,
{a,-, Oéj} = o0 + o = 0 (5.28)

with the condition that ¢ # j. If we subtract equation from equation ,
Oty — Oy = 210,
which can be generally written in the form of the commutator of the components of « as,
[, o] = ooy — oy = i€ 0, (5.29)
Under a parity operation, o and « transform as follows,
o0 a— —«

This transformation is similar to to how electric and magnetic field change under parity
operation (E — —FE and B — B), and thus, we can see that the space-space components
of their respective rank-2 tensor (F* and o) do not change signs under parity whereas
the time-space components change signs.

We will now consider a matrix 8 operator that performs the parity operation in spin
space. Since two inversions bring it back to the initial coordinates, we need it to have
(% = 1. However, since the spin representation of rotations can have two values, we can
therefore, have an option letting the square of the parity operator include a rotation by
271 about any axis or not, in which case, we have 2 = +I. The resulting eigenvalues are
B = +I for 2 =T and 8 = +il for 32 = —I. For convenience’s sake, let us choose,

B=1= p'=5

Now under a parity operation, we have said that o does not change sign while @ changes
sign,

flef=0 = of =po

ﬁ_laﬁ =—a = af =—Pa

5.3 Iterative calculation of electron acceleration

We had earlier obtained the Dirac equation in curved spacetime, as per equation (5.8]), as,

i%—f = (1+2®0¢)ey) - <7>¢ +m(1+ @¢)Bo) ¥ (5.30)

Q) = <,(r) 6)» By = (g _OH) (5.31)

The wave function 9 is a four-component spinor which can be written in terms of two
two-component spinors ¢ and Y, as follows,

Here,

Y(zH) = V(ﬂ)] (5.32)
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Substituting equation (5.31) and equation ([5.32)) into equation (5.30f), we get,

9 [p(a")] _ 0 7] (V) [6(m) I 0] (o)
i3] = 200y 5] (F) 1]+ 0+ ey [0
[T (V /i) x(2* mao(xt
= (1+2®¢) - Evﬁz;ﬁxﬂg] + (14 9¢) [_nig(xz)]
9 o)) T (V/i)x(2") me(z")
5 ) = 200 7GR+ 0+ 20 S0
Comparing the matrix elements, we can get the following equations,
ia(ﬁ?#)) = (1+2&g)T - (7)x<x“> + (1 + @a)me(a") (5.33)
Z.a(xa(f“)) (14 20¢)r - <7)¢(xu) — (1 + D )my () (5.34)

Equation (5.33) and equation (5.34]) can also be used in the case of special relativity, in
which case, &5 = 0. If we consider only the rest-mass energy of the particle, then we can
approximately write the two-component spinor as,

] -

where, ¢g(z#) and yo(z*) are slowly-varying functions of spacetime that represent the inital
condition of the two-component spinor wave function, and the exponential term e~ is
time-evolution operator. Do note that in the above equation, we have used the natural
units in which ¢ = h = 1. This equation can also be written as,

p(at) = do(a)e” ™ (5.35)
x(2#) = xo(a#)e ™ (5.36)

Substituting equation ([5.35) and equation (5.36)) into equation ([5.34]).

. [Xo(x“)eimt} = (1+2%¢)T - <7> go(zH)e™™ — (1 + ®¢)mxo(z")e "™

"ot
i[e—imt} [%Xto _ iXom} — (1 + QCI’G)T . (7) ¢Oe—imt _ (1 + (I,G)mx()e—imt
0 v
" i% =(142Pg)T - <z> b0 — (Pg + 2)mxo (5.37)

Now, in the non-relativistic limit, where the velocity of the electron is small compared to
the speed of light, it is convenient to assume that the energy and the gravitational potential
energy of the particle is small compared to the rest mass-energy of the particle, that is,

;9x0
ot

Thus, equation (5.37) can be modified as,

< [2myxol, Im®axo| < [2mxol

(14+20q)T - (7)(]50 —2mxo =0
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This equation can be modified as,

o (529) - (D)

Multiplying both sides of the above equation with e we get,

(2 ()

Here, x is referred to as the small component of the wave function 1, while ¢ is referred
to as the large component of the wave function .

Now, we will make use of an iterative procedure that makes use of the equation ,
the equation , and the equation , that results in an equation that is similar

to the non-relativistic Schrodinger equation. For that, let us re-write equation (5.34) as
follows,

188’; (1+2<1>G)_ <V>_¢ (1+ 206)m

7

S 2my = (1+2<I>c) T

(1+2<DG) T- <V> ¢ —2mx +myxy — dgmyx

i
v 0
) qu—z—X +my — Pgmy
i ot

280 (3o Lo

Now, we substitute the y value obtained in equation ([5.38)) into the right-hand side of the
above equation, and obtain,

(%) e (1522 (D)

Substituting the above value of x into equation ([5.33)), we obtain,

.0 v 1420 v

gy =m0 - (D)) (55 [ (5))e
1 0 14 2%4 v

- <18t—m+m<ba> <2m ) T - <Z,>”<z5+(1+<1>g)m¢

Writing (Z) as p, the above equation becomes,

;09

G =1+ 220)(rp) | (F20 ) (7m0

0 o
- 27ln<lﬁt —m+mq)g> <1—;;G> (1 f))]¢+ (1+ ®g)mo

L =2y p) (R ) p)] 0 mo -+ migo

- [(12?)& 5) (; —m +m<1>c) (ﬂ?)(r : fo)]¢

=|T- (1+2(I>G)f)] [T' <12725)G>f)}¢+m¢+m<1>g¢

1 0 14204\ .
<Z(9t —m+ m@g) <2m >p} 10}
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We will now make use of the following property of 7,
(r-A)(t-B)=A-B+ir-(AX B)
and the above equations become,

zgf - [(1 +206)p - (1 Zi%)f)] 6+ T - [(1 +200)b X (1 zs;b(;)f)]qb

— [(1 +2%4)p - L <z§ —m+ m@g) <Hm;>f>] ¢+ mo+ mbgo
t 2m

1 1429
— 4T - {(14—2(1)@)13 <Z<§t —m+m(I>0> <+2mG>f)}¢>

However, in the above equation,

1429 1 0 1429
(14+294)p X <+2G> = (1+42%5)p <Z —m + (I)G> <+G>f) =0
m 2m 2m

Since, both the expressions involve cross product of terms that is proportional to p, and
the cross product of a vector with itself is zero. Thus, the equation for i%‘f reduces to,

&
i%‘f - {(1 +206)p - (W)p] b+ me +mdPgo

1 0 1+ 2
- [(1 +2®5)p - (Zc'?t —m+ m¢g> <—;mG>f)] 10)

Now, ®;(z)p can be written as,

g (2)p = pPc(2) + [Pa(2), Pl

Let us try to evaluate the the commutator [P (z), p|, using a test function 1,

[®c(2), Pl = PPy — P(Pcy)
= OgpyY — PPy — p(Pa)Y
= —p(®c)y
= [®c(2),p] = —p(Pc) =iV o¢

So, we can now write @ (2)p as,

Oa(2)p = pPq(z) +i1VEg
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Using the above relation, the equation for z% can be modified as,

g(f (1+2%¢)p - (ﬂ?’)ﬁ] ¢+ mo + mPgo
— [(1 +2P5)p - L <Z(§t -—m+ m<I>G> (1—;;@G>f)} 1)
= _2f) . (1 + Q(I)G) p+ 7V‘I>G (1 + 2(I>G)f):| ¢+ mo+ mPgo

m
— {(1 +2%4)p - % (14‘2(}@) |:f) (Zaat —m+ m‘bg) + imVCI)G:| }(]5

2m

— [f’ (14 4(I)G)f):| ¢+ mo+mPgo + [;V@G ~(1+ Q‘I)G)f)] ¢

1 /1420 0
[+ 2000 (520)o(i2 s mac)

2m 2m ot ¢

_ [(1 +205)p - ﬁ(l + 2@@)1V‘I’Gi| ¢

Let us consider the term,

0
<10t — m+m¢g>¢

Now, the partial differentiation with respect to time represents the operator for the total
energy of the system. This accounts for the kinetic energy, potential energy and the mass-
energy of the system. Since there is already a negative of the mass-energy in the above
expression, it can be re-written as,

zg—m—i-m@ o= ﬁ+2m® 10)
ot ¢ 2m ¢
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Thus, the equation concerning z%—‘f becomes,

g(f [25)71 (1 + 4<I>G)f>] é+mo+mPgo + [;VQ)G (14 QCI)G)IA)} ¢

- [<1+2¢G>p- 1(1+2®G)ﬁ<ﬁ2+2m%)

2m 2m 2m

¢

_ |:(1 +2®5)p - ﬁ(l + QQ)G)iV(I)G] ¢

:[p (14 4®5)p ]¢+m¢+mq>c¢+ (Vg -p)o

Q’E (F)p+ivae - (e Jo [ 2 +2mialo

4m?2 2m2 2m
7 R
— Vo - (1+ 4(I)G)P} o
m
p

[m (14 494)p ]¢+m¢—|—m@ggb+ (Vg -p)o

ey

~9 .
o (2] [£]o- [

+meo + mdPgo + 3f(qu p)¢

[p (14 4®¢) ]¢

m

(L4 (£ o (52 o]
o

4m2 4m2

lié
- foes][ £

:[217)71 (14 4®5)p ]¢+m¢+m®c¢+3(V% P

¢

_A[f) ' <1Z4§G> (22 + 2"”‘1’0) ]¢> + [13- (%)N@a] ¢ — [z’V®G : f)] { an

— [QI:n (14 4<I>0)f)] ¢ +mo+mPgp + fl(V®G ‘D)o

2
[ (5o G o (g oo [romao] [

A~ A~ .
p . D b1} A
=2 . (1+3® Pap— o=+ —(Vog -
[2m (1+3 G)p]¢+m¢>—|—m Fele) 8m3+4’m( G-D)o

P’ P2
L pme s wmeo] (g o~ [me-o] e
8 D A 5
Rid [217)71 (14 3<I>G)f)] ¢ +mo +mdge — 78?713¢ T ﬁ(v@(} D)6

"ot
-] [gmale - [voe-o] [
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2m3

Now, let us consider the term [(]52)@4 [ﬁ],

()%

:p-%pﬂvqm-p}
o
= f)-f)(I>G+f)-iV<I>G+iV<I>G-f)}

ez A : .
| (8% ®c 373 =~ |p*Pg +2iVds - P

And hence, the equation for i%‘f further modifies to,

00 _| b ; A
i _[Qm (1 +3‘I’G)P]¢+m¢+m(b0¢_ 530 5, 3%

5 p2\/[iVds . iVos .\ [ 3p
*(4‘m2>< m 'p>¢‘< m 'p>(4m2>¢

The non-Hermitian terms that are proportional to iV®g - p arise due to the fact that the
density of x varies as the particle accelerates. These non-Hermitian terms can be removed
by using the following transformation of the wave function,

~2
¢—>¢<1+5p>

8m?2

Furthermore, ignoring the higher order term proportional to p*®c¢, we obtain the expres-
sion that looks similar to the non-relativistic Schrodinger equation,

.0 p .
zaif - [p (1 + 3%¢)p

]54

In the Heisenberg picture, the rate of change of position can be defined as,

4z
dt

D=

~ 1 N
_ z[H z} _ - [zH} (5.40)
i
Here, 2 is the position operator along the z-axis and H represents the Hamiltonian of
the particle. The Hamiltonian of the electron can be found in equation (5.39), since it

represents a Schrodinger-like equation,

A 1
H=—p-[(14+3%3)p 1+ - — 5.41
5B [(14+320)p] + (1+ a)m — & (541)
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Substituting equation (5.41)) into equation ([5.40)), we get,

dz 1 1 1
b= — ==|2—p-[(1+30)p] +(1+ P - pt
= i[z,(mp (1+30a)p] + (1 + Dg)m Smgp)]

[\~

_1 [Z b [(14396)p] | + [, (1 + Be)m] - 1[2’ ]34}

m i i 8m3

A4
:-1[73713'[(1+3‘1>G)f)]]+1[2(1+<I>G)m(1+(I>G)zm]1[2 P }

2im il 8m3
1 o oa Lo s N 1 £ 22722 | 22[2 A2
ZM{[%p]-(1+3<I>c)p+p-[Z,(1+3<I>G)p]} - Simg{[z,p 19+ p°[2,9°]
1 . A oA R
i { Bl (1430000 + B+ (14 300) 2,51}
1

Now,

while considering i = 1. Thus, the equation for © becomes,

0= di’i :2l'1777,{[2’ﬁZ](1 =+ 3(I)G)ﬁz +ﬁz(1 + 3(I)G)[27ﬁz]}
— 8;”3 { [[2,9:10:] 9% + [p:12,9:1]9% + 5°[[2, p=1p=] + D7 [ [2. B2 ] }

L1511 3%6) + (14 3%¢)p.]

=5 [2-1% + 20°p:]

~ 8m3

,\A2_ lg V'V . V'V 13 _AQ,\
PP =59, )\ )~ & i02) " PP:

Thus, the equation for © becomes,

Now,

b=5 [p=(1+3®¢) + (1 + 3P6)p.] — —[49°P-]
= 5[5 (14 396) + (1 +380)p.] - 5 < [1%5:]
o0 :ﬁ [p:(14 3®¢) + (1 + 30q)p.] — ;(ﬁ) (f;) (5.42)
Now, the acceleration of the particle can also be written as,
6= d%’ - ’L[H'U] - %[UH} (5.43)
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Substituting equation ([5.41)) and equation (5.42)) into equation (5.43)), we have,

Q= % L [p-(1+ 30¢) + (1 + 30¢)p:] — 1<ﬁ2> (Z)Z>

i|2m 2\m? /) \m
L
>2mp

[ 1 1
| —[p.(1+300).p- (1 @A} —[1 )p.,p- (1 @A}
7| oz =01+ 3%0), B+ (1+380)D] + 15 [(1+386)p2, b+ (1 +30)D

[(143%¢)p] + (1 4+ Pg)m — %ﬁ ]

+ % [AZ(1 +38q), (1 + @G)} + % [(1 +3®a)pz, (1 + (I)G)}

[B:(1+306), 5| — 7= |1 + 3265, |

(675 (1+06)] + 15 [05-.5]

1 1
16m4 16m#4

1 RO .
A [(p)sz,p -(1+ 3<I>c)p} —

(1 7. R R 1 R R
= [42 [5:(1 +306).p- (1 + 3<I>G>p} t oo [(1 +30G)p.. - (1 +386)p)

[ ] [pz’%} 16m 4[ 4} 161714[(1+3%)73Z’ﬁ4}
1
Am*

L [@)pep- (143260 g [( e8] + s |09

1
2m?

1
16m5

while retaining only those terms that are of the first order in ®¢. Since [p,, p] = 0, then,

(5520 =(6)° [ 9%8%) + [£%, %0 -
=(p)*[p-, 0] + (0)*[p=, 0] (B)* + P [%, %] b= + [p*. B°]P°D
=(p)"[p=» D - B + (5)[p=, P - PI(H)* + 0
=(p)'p - [p= Bl + (5)'[p=, B - B + ()°D - [, DI(H)° + (§)°[p-, D] - (D)’
[(5)%-,5"] =0

Evaluating the other commutators present in the acceleration equation,
[p-(1+3%¢), P - (14 32¢)p] =[p:, P - D] + 3[p=Pc, P - P| + 3[p:, b - PP
=0+3[p- [:0c,B] + [p:@c, B] - B] +3[p - [p: ®cp] + 0|
=3[p - p-[Pc, B] + p=[Pc B] - B+ - [B= D]
=3[p - .1V G + p-iVOG - b — iVOGP|

L [p(1 4+ 306), b - (14 30c)P] 6[ﬁziv<bg-f)} ~ 3iVdgp?

[(143®6)p., p - (1+ 3®¢)P] =[p=, P - P + 3[®cpz, P - P + 3Pz, P - PaP]
=0+3[0+ 9, B - Blp:] +3[B [p: Pcp] + 0]
=6iV®¢ « pp. + 3D - [D2, PP

L [(1+306)ps, B+ (14 30G)B] =6|p-iV P - p| - 3iVeGH*
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(552 06| =(5)°[p-, @] + | (8), D] -
=~ ()’[iVc] - 2V P - Pp-
65206 | = — 251V PG - b~ iVOGH

Substituting the above values and considering only the first-order terms in the acceleration
a equation, we get,

17 1 1
G=—|— [ﬁpZN% - 3z’V<1>Gﬁ2} T [6pzz'vq>g P 31’V<I>G;62}
i | 4m? 4m?2

~ . _on s A g %)
+ [P 06] = 5 | ~2:iV PG - P — iV OGP H
_ A )
=I5 5 [30:VPa - b~ 2900p?] - Vg
| 2m?

- o A A
==V + (4p. V¢ - p — V@Gp2)]

- 1 ) ) )
=|-V®s + W (4pZV(I)G ‘P — V@GpQ)]

_ :_vqm + % (4p-VOip. — V@cﬁ)]
= Vdg [1 + # [‘4(@)2 + (Pa)? + () + (ﬁz)2H
sa=—Vdg [1 + % [(ﬁx)Q +(py)* — S(ﬁz)QH
Taking the expectation value of the above equation, we get,

a=—-Vog

1
1+ —(pa2 +p,7 - 3p22>} (5.44)

where the notations p,2, pr, etc have been written instead of the usual notations for
expectation value <px2>, <py2>, etc, for simplicity. These quantities correspond to the
observables in their respective classical sense. Let us now re-write the following quantities,

2 2 2
Pe” 2 Py o DS o
72 =0, —&5 v
m

Now, equation (j5.44)) becomes,

= =
m2 YV g2 2

a=—Vg [1 + (vﬁ +v,2 - 3vz2)} (5.45)

But since we have considered the electron to be moving along the z-axis direction only, we
have,

%2 = va =0, UZ2 =v?
Thus, equation (5.45)) further modifies to,
0= Vg [1 - 31}2} (5.46)
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The equation ([5.46)) represents the non-relativistic acceleration of the electron in a spher-
ically symmetric and static spacetime. Since we had considered natural units in which
¢ = 1, if we took the SI system, then the equation for acceleration would become,

a:—V@GP—3<§>] (5.47)

In comparison, the acceleration equation that would be obtained from the Newtonian grav-
ity, as shown in equation (3.33]) would be,

a=—-Vdg (5.48)

The results obtained from equation ([5.47)) and from equation (5.48|) has been compared in
the following plot,

0.010

0.009 A

0.008 -

on

accelerat

0.007

0.006 -

—— Analytic Dirac Eq
——- Newtonian

0.005 - T T T T T T T T T

Figure 5.1: Plot representing the comparison between the acceleration obtained from the
analytical calculation of the Dirac equation and from the Newtonian gravity, for V&g = —1.
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Chapter 6

Literature Review

In this project report, we have briefly described the development of the Dirac equation,
including a detail of the Lie group and the representation of Lorentz group and its appli-
cation in calculating the acceleration of the electron in a Schwarzschild spacetime. Whilst
there is no generally accepted way of effectively understanding the Quantum Field theory, I
have used the textbook, ‘An Introduction to Quantum Field theory’ by Michael E. Peskin
and Daniel E. Schroeder [I], which is used by a large majority of Quantum field theo-
rists. The textbook advocates a good deal of physical intutition, along with the necessary
mathematical rigour. A more comprehensive mathematical approach was done in Tobias
J. Osborne’s ‘Lectures on Quantum Field theory’ [2], which was done during the winter
semester of the year, 2016-17. Additional reading involved the use of the famous Dirac’s
paper, ‘The Quantum Theory of Electron’ [3], which introduced the Dirac equation as well
as use of the textbooks, ‘Quantum Field Theory’ by Lowell S. Brown [5], ‘Quantum Field
Theory for Gifted Amateurs’ by Tom Lancaster and Stephen J. Blundell [6], and ‘Field
Theory: A Path integral approach’ by Ashok Das [§].

In order to determine the acceleration of the electron in curved spacetime, much of the
guidance was provided by the paper ‘Numerical calculation of the relativistic acceleration of
an electronin curved spacetime using the Dirac equation’ by J. D. Franson [7]. The study of
a number of topics were done using various resources, like ‘Gravitation and Cosmology’ by
Steven Weinberg [11] for Lorentz group representations and Tetrad formalism, ‘Gravitation
and Spacetime’ by Hans C. Ohanian [I3] for spacetime geometry and the Schwarzschild
solution of the Einstein field equation, ‘Lectures on Quantum Mechanics’ by Gordon Baym
[14] for the transformation properties of spin. Additional reading was also done from ‘An
Introduction to Relativistic Quantum Field Theory’ by S. S. Schweber [12] and the paper
titled ‘General Relativistic Effects of Gravity in Quantum Mechanics’ by K. Konno and
M. Kasai [9]. Reading on the top of spin connection was also done from the papaer titled
‘Note about the Spin Connection in General Relativity’ by Renata Jora [10].

A review of the mathematical processes and methods that were used for this project, in-
cluding contour integration and differential vector operators, was done using ‘Mathematical
Methods for Physicists: A Comprehensive Guide’ by Arfken, Weber and Harris [4].
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Chapter 7

Conclusion

Quantum Field Theory is a result of decades long scientific research by a number of theo-
retical physicists, which began with Dirac’s attempt to quantize the electromagnetic field,
towards the late 1920s. Although the roots of the formulation of this theory began with
Oskar Klein and Walter Gordon bringing forth their Klein-Gordon equation, Paul Dirac, by
introducing his breakthrough equation, effectively managed to combine elements of Quan-
tum Mechanics and Special Relativity to bring out a relativistic Quantum Field Theory.
This has been so successful that it had introduced the renormalized Quantum Electrody-
namics. Further attempts were made to apply the same basic concepts to other fundamental
forces, in which, all of them have been successful except for gravitational force.

With this project, I have made an attempt to apply the Dirac equation, to determine
the motion of an electron in a gravitational field. Although the procedure does involve
an approximation, the result shows a significant difference between the one obtained from
Newtonian gravity and the one obtained using the Dirac equation in curved spacetime. The
iterative procedure used in this case is a method that is commonly used in special relativity,
especially for cases involving electric and magnetic fields, with the difference being that in
this case, we have used gravitational field. The result of this analytical calculation is as
per the paper titled “Numerical calculation of the relativistic acceleration of an electron in
curved spacetime using the Dirac equation”, by J. D. Franson[7], University of Maryland.
It highlights the capacity of the Dirac equation to provide more accurate answers than the
earlier classical methods.

It is also interesting to note that acceleration for the electron is proportional (1 — 3v?/ 02)
in Schwarzschild spacetime, whereas in Minkowski spacetime, the acceleration of the parti-
cle is proportional (1 —v?/ 02) Y2 as per special relativity. This proportionality in the case
of the Schwarzschild spacetime, is linked to the appearance of the quantity (1 + 3®¢) in
the kinetic energy term of equation . It goes to show that for velocities higher than
c/ V/3, the sign of the acceleration switches. This is a consequence of the fact that the time
coordinate t is arbitrary and does not exactly correspond to the proper time 7.

Quantum Field theory has not only played a key role in elementary particle physics,
but it has also found applications in many other fields like Condensed Matter Physics,
Quantum Electrodynamics, etc, and has lead to the development of fields like Conformal
Field Theory, String Theory, the Standard Model of particle physics, and so on. The
development of Quantum Field Theory was therefore, crucial in opening up new boundaries
in Physics, with current major developments being focused on String Theory and Loop
Quantum Gravity.
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